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Abstract. We consider the inverse problem of determining the coefficients of a general 
second-order elliptic operator in two dimensions by measuring the corresponding Cauchy 
data on an arbitrary open subset of the boundary. We show that one can determine the 
coefficients of the operator up to natural obstructions such as conformal invariance, gauge 
transformations and diffeomorphism invariance. We use the main result to prove that the 
curl of the magnetic field and the electric potential are uniquely determined by measuring 
partial Cauchy data associated to the magnetic Schrodinger equation measured on an arbi- 
trary open subset of the boundary. We also show that any two of the three coefficients of a 
second order elliptic operator whose principal part is the Laplacian, are uniquely determined 
by their partial Cauchy data. 



1. Introduction 

Let f2 C R 2 be a bounded domain with smooth boundary dil = Ujf =1 yk, where 7^, 
1 < k < Af, are smooth closed contours, and 7^ is the external contour. 

Let T C dQ be an arbitrarily fixed non-empty relatively open subset of dQ and let Tq = 
dVl \ T. Let v be the unit outward normal vector to <9f2 and let ^ = Vm ■ v. 

Henceforth we set % = y/—l, X\,X2 G R, z = X\ + 1x2, z denotes the complex conjugate 
of z G C, and we identify x = (xi,X2) G R 2 with z = x% + 1x2 G C. We also denote 

8 _ If 8 I • 8 \ d _ If 8 -_g_\ 
8z 2^8x! i 8x2>'> 8z 2^8x1 dx 2 >' 

Let u G be a solution to the following boundary value problem 

(1.1) L(x, D)u = A g u + 2A— + 2B— + qu = 0, u| ro = 0, u\ f = f. 

oz az 

Here A g denotes the Laplace-Beltrami operator associated to the Riemannian metric g. We 
assume that g is a positive definite symmetric matrix in Q and 

1 A d , /—, : „ d 



j,k=l 

where {g^ h } denotes the inverse of g = {gjk}- From now on we assume that g G C 7+a (Q), 
(A, B, q), (A^B^qj) G C 5+a (tt) x C 5+a (tt) x C 4+a (tt), j = 1,2 for some a G (0,1) are 
complex- valued functions. Henceforth a denotes a constant such that < a < 1. 
We set 

L^x, D) = A 9 . + 2Aj— + 2Bj— + q 3 , j = 1, 2. 
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We define the partial Cauchy data by 
(1.3) 



f / du \ d d 1 

C g , A ,B, q = | (u| F , ^ F J I (A fl + 2A- + 25- + q)u = in fi, uE H\Q), u\r = j 



where ir g =v / det^E J 2 , fc =i^ fe ^af- 



The goal of this paper is to determine the coefficients of the operator L. In the general 
case this is impossible. As for the invariance of the Cauchy data, there are of the following 
three types. 

(i) The partial Cauchy data for the operators e~ v L(x, D)e n and L(x, D) are the same provided 
that i] G C 6+a (Q) is a complex- valued function and r]\f = = 0. 

(ii) Let (3 G C 7+a (Q) be a positive function on Q. The partial Cauchy data for the operators 
L(x, D) and jjL(x, D) = Ap g + ^(2A^ + 2B-^= + q) are exactly the same. 

(iii) Let F G C 8+a (Q) : Q — > Q be a diffeomorphism such that F\f = Id. For any metric g 
and complex valued functions A, B, q, we introduce a metric F*g and functions A F , B F , q F 
by 

(1.4) F*g = ((DF)ogo(DF) T )oF- 1 , 

Af = {{A + B){ £-- ,g ) + i(B - A ){ §- - o F-Vet DF-% 

B F = {(A + B)( -J. + ,_!) + i(B _„)(_! + <_£)} o F-Ve^F-l, 

q = \detDF- l \(qo F- 1 ), 

where DF denotes the differential of F, (DF) T its transpose and o denotes matrix compo- 
sition. 

Then the operator 

K(x, D) = A F * gi + 2A F — + 2B F — + q F 
and the operator L(x, D) have the same partial Cauchy data. 

We show the converse and state our main result below. 
Assume that for some a G (0, 1) and a' > 

2 

g jk eC 7+a (H), g 3k = g k3 Vfc,j e {1,2}, ^ > a'|£| 2 ,£ G R 2 . 

i,k=i 

Consider the following set of functions 

(1.5) veC^ill), ^lf = 0, i?lr = 0. 
We have 
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Theorem 1.1. Suppose that for some a G (0,1), there exists a positive function (3 G C 7+a (Q) 

such that (g x - Pg 2 )\f = 9igi ^ g2) |f = 0. Then C gi:Al ,Bi,qi = C S2) A 2 ,B 2 ,g 2 if and only if there 
exist a diffeomorphism F G C 8+a (Q),F : Q, — > Q satisfying F\f = Id, a positive function 
(3 G C 7+a (Q) and a complex valued function r\ satisfying U.5\) such that 

L 2 (x,D) = e- r >K(x,D)e r >, 

where 

K(x, D) = A^ gi + 2 -A x , F ^- + 2 -B x ^ + 

and the functions F*g x , A liF , B 1F , q 1F are defined for g 1: B Xl q x by 

We point out that we can prove that that we can assume (g± — ^g%)\f = 0. However we 
can not determine the normal derivatives as pointed out in [23] for the case of the operator 
A g . Next we discuss the case of an anisotropic conductivity problem which is an independent 
interest. In this case the conductivity depends on direction and is represented by a positive 
definite symmetric matrix a -1 = {cr 7 }. The conductivity equation with voltage potential / 
on dQ is given by 

2 

^ ( a jk ® U \ _ Q • Q 

^ dxj dx k 

u\an = f. 



We define the partial Cauchy data by 



2 



du 



d , jk du 



dxj dxi 



j,k=l / j,k=l 

in Q, u G if^fl), u\gn = f, supp / C T 

It has been known for a long time that even in the case of T = dfl, that the full Cauchy 
data V a does not determine a uniquely in the anisotropic case [20J. Let F : Q — > Q be a 
diffeomorphism such that F(x) = x for x on T. Then 

V\detDF- 1 \F*a = Va- 
in the case of full Cauchy data (i.e., T = dQ), the question whether one can determine 
the conductivity up to the above obstruction has been solved in two dimensions for C 2 
conductivities in [23], Lipschitz conductivities in [30] and merely L°° conductivities in [3]. 
The method of proof in all these papers is the reduction to the isotropic case using isothermal 
coordinates PQ. We have 

Theorem 1.2. Let o~i,o~2 G C 7+a (Q) with some a G (0,1) be positive definite symmetric 
matrices on Q. If V ai = V a2 , then there exists a diffeomorphism F : Q — >• Q satisfying 
F|p = Id and F G C 8+a (H) such that 

IdetDF-MF*^ = a 2 . 
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For the isotropic case, the corresponding result is proved in [16J. The proof of Theorem 
II .21 is given in section 6. 

Now we take the matrix g to be the identity matrix. We consider the problem of deter- 
mining a complex-valued potential q and complex- valued coefficients A and B in a bounded 
two dimensional domain from the Cauchy data measured on an arbitrary open subset of the 
boundary for the associated second-order elliptic operator A + 2A-^+2B^= + q. Specific cases 
of interest are the magnetic Schrodinger operator and the Laplacian with convection terms. 
We remark that general second order elliptic operators can be reduced to this form by using 
isothermal coordinates (e.g., pQ). The case of the conductivity equation and the Schrodinger 
have been considered in [16J. For global uniqueness results in the two dimensional case for the 
conductivity equation with full data measurements under different regularity assumptions 
see 0,0, [24] . Such a problem originates in [§] . 

Next we will consider the case where the principal part of Lj is the Laplacian (i.e., g — I; 
the identity matrix). Then our next result is the following: 

Theorem 1.3. Assume that Ci^b^ = Ci t A 2 ,B 2 ,q 2 - Then 

(1.7) A 1 = A 2 , B x = B 2 on f , 

(1.8) -2£(Ai - A 2 ) - (B 1 - B 2 )A 1 - (A, - A 2 )B 2 + ( qi -q 2 ) = in fi, 



T.9) -2jg(5i - B 2 ) - (A 1 - A 2 )B 1 - [B x - B 2 )A 2 + ( 9l - q 2 ) = in Q. 



•dz 

Remark. In the case that A\ = A 2 and Bi = B 2 in Q, Theorem 11.31 yields that qi = q 2 , 
which is the main result in [16J. The latter result was extended to Riemann surfaces in [13J. 
The case of full data in two dimensions was settled in [7]. This case is closely related to 
the inverse conductivity problem, or Calderon's problem. See the articles [21], [6], [2] in two 
dimensions. 

Theorem 11.31 yields 

Corollary 1.1. The relation Ci^^qx = CiA^im holds true if and only if there exists a 
function r\ G C 6+a (Q), r]\f = = such that 

(1.10) L 1 (x,D)=e- ri L 2 (x,D)e 



v 



Proof of Corollary We only prove the necessity since the sufficiency of the condition 
is easy to check. By (jl.8p and (jl.9p . we have -§-{A\ — A 2 ) = J=(-&l _ B 2 ). This equality is 
equivalent to 

^) =i ^ where (A,B) = (A 1 -A 2 ,B 1 -B 2 ). 

Applying Lemma 1.1 (p. 313) of [31], we obtain that there exists a function rj with domain 
Q° which satisfies 

(1.11) ^=r] + h,V^eC 5+a (n), Ah = infi , 



£. are constants, 



dh 


1 9h 1 


_du k _ 


1 s fc du 1 



Vke{l,...,Af} 
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and 

(i(B + A),(A-B)) = V?}. 

Here Q° = Q \ E is simply connected where E = U^r^E^, Ej n E& = for j 7^ A;, E^ are 
smooth curves which do not self-intersect and are orthogonal to dfl. We choose a normal 
vector z/fc = z/^x), 1 < k < M — 1 to E^ at x contained in the interior E° of the closed curve 
S fc . Then, for x G Eg, we set [h]{x] = \im y ^ x ^ y ^ k)> Q h(y) - lim^^^o h{y) where (•, •) 
denotes the scalar product in R 2 . Setting 2r] = —ifj, we have 

((B + A),i(B - A)) = 2Vtj. 

Therefore by (11.81) 

(1.12) ?1 = ?2 + A, + 4^+2^ 2 + 2^B, 

oz oz oz oz 

The operator Lx(x,D) given by (11.101) has the Laplace operator as the principal part, the 
coefficients of ^ is A 2 + B 2 + 2^, the coefficient of ^ is i(B 2 - A 2 ) + 2^, and the 
coefficient of the zero order term is given by the right-hand side of (I1.12p . By ( I1.7P we have 
that f^lf = and r/|p = C where the function C(x) is equal to constant on each connected 
component of V. 

Let us show that the function r\ is continuous. Our proof is by contradiction. Suppose 
that r/ is discontinuous say along the curve Sj. Let the function u 2 G H 1 ^) be a solution to 
the following boundary value problem 

(1.13) L 2 (x,D)u 2 = in Q, u 2 \r = 0. 

Assume in addition that u 2 is not identically equal to zero on Ej. Let Ti be one connected 
component of the set T and C|p i = C. Without loss of generality we may assume that (7 = 0. 
Indeed if C 7^ 0, then we replace 77 by the function rj — C. Since the partial Cauchy data of 
the operators L±(x, D) and L 2 (x, D) are the same, there exists a solution ui to the following 
boundary value problem 

(1.14) LAx ) D)ui = in Q, ui = u 2 on 90, — — = — — on Y. 

av av 

Then the function v = e~ v u 2 verifies 

Li(x, D)v = in Q°, v\ To = 0. 

Since on rj = |^ = on Ti we have that v = U\. However ui G H l {VL) and v is discontinuous 
along one part of Ej. Thus we arrive at a contradiction. 

Let us show that C = 0. Suppose that there exists another connected component of T 2 of 
the set T such that C\f 2 7^ 0. Suppose that the functions Mi,«2 satisfy (11.131) and (11.141) and 
U\\f not identically zero. 

Then the function v = e~ v u 2 verifies 

L\(x, D)v = in Q, v\r = 0. 
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Moreover, since on 77 = |jj = on Ti, we have that 

dv dui ~ 
v = m, t- = -t— on r x . 
dv dv 

By the uniqueness of the Cauchy problem for second-order elliptic equations, we have v = u\. 
In particular v = U\ on T 2 . Since U\ = u 2 on dVL, this implies that e~ 17 1 p 2 = 1. We arrived at 
a contradiction. The proof of the corollary is completed. □ 

We now apply our result to the case of the magnetic Schrodinger operator. Denote A = 
(Ai, A 2 ), where Aj are real- valued, A = A\ - iA 2 , rot A = |^ - D k = Consider 
the magnetic Schrodinger operator 

2 

(1-15) C A ~(x, D) = J2(Dk + A k f + q. 

fc=i 

Let us define the following set of partial Cauchy data 

f du 1 

C Aq= {Nf> fo\f)\ C A,fa D ) u = in fi, u\ To = 0,u e H\Q)\ . 

For the case of full data in two dimensions, it is known that there is a gauge invariance 
in this problem and we can recover at best the curl of the magnetic field [29]. The same is 
valid for the three dimensional case with partial Cauchy data [12]. We prove here that the 
converse holds in two dimensions. 



Corollary 1.2. Let real-valued vector fields A^,A^ E C 5+a (£l) and complex-valued poten- 



tials qQ-\qW G C 4+a (fi) with some a e (0, 1) satisfy C Xw ^ = C I(2) ^ 2) . Then = q^ 2 \ 



rotA^ = rotA® in Q and = A (2) on T. 
Proof. A straightforward calculation gives 

„ , ^ A 2~ d 2~ d ~, ldA x ldA 2 „ 
C x Jx, D) = —A + ~A 17 — + -A 2 — + A 2 + -— ^ + ~— * + g 

,y 1 dx\ 1 dx 2 1 ox 1 1 dx 2 

2^9 2 ~ d 2 dA ~ , ~ l2 ~ 
(1.16) = -A + -.4— + -.A— + -— - rot A + A 2 + q. 

1 dz % oz 1 dz 

Then the operator £^~(x, D) is a particular case of ( 11 .11) with the metric g = {<%} A = —jA, 

B = —j A, q = — (ffjj — rot A+ \A\ 2 + q). Suppose that Schrodinger operators with the vector 
fields A^\ A^ and the potentials q^^ 2 ^ 1 have the same partial Cauchy data. Then ( II. 8ft 
gives 

ro tl(i)_rotl( 2 )+^-g( 1 ) =0 

and ( II. 9p gives 



2 dA® 2 &4( 2 ) 2 9# 2 &4< 2 ) a ~ m A ~ (2) , 2) ^ n 

(1.17) ^ = 1 = h rot - rot + <f 2) - q^ 1 ' = 0. 

i dz 1 oz i dz i dz 

Using the identity | ^ — | %^ = — 2rot A, we transform (11.171) to the form 

-(rot - rot I (2) ) + g< 2) - = 0. 
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The proof of the corollary is completed. □ 
There is another way to define partial Cauchy data for the Schrodinger operator. 

% = { ( M lf > (j£ + f )«) If) l^x, -D)m = in fi, u| ro = 0,ueH 1 {n)\. 

Corollary 1.3. Let real-valued vector fields A^\A^ E C 5+a (£l) and complex-valued poten- 
tials q^ l \^ E C* +a (tt) with some a E (0, 1) satisfy C Aw ^ 1} = C m ~ {2) . Then = q^ 2 \ 
and rot A^ = rotA^ in fl. 

Proof. Suppose that there exist two vector fields and potentials (A^\ eft') such that C^ 1} ^ = 
C^(2) 5(a)- Consider a complex valued function rj E C 6+Q (f2), rj\f = such that A 1 — A 2 ) = 
on r. Then C A(1) ^ 1} = C ^ (2) +iVV; g{2) ■ Applying Corollary Ol we finish the proof. □ 

Corollaries 11.21 and 11.31 were new in Nov. 2009 when the second author posed a prelim- 
inary version of this manuscript with the proof of Theorem 1.3, i.e. the metric g is the 
Euclidean metric. Since then proofs for the magnetic Schrodinger equation and full data in 
the Euclidean setting was given in [?] and in the Riemann surface case in [?]. In two di- 
mensions, Sun proved in [29] that for measurements on the whole boundary, the uniqueness 
holds assuming that both the magnetic potential and the electric potential are small. Kang 
and Uhlmann proved global uniqueness for the case of measurements on the whole boundary 
for a special case of the magnetic Schrodinger equation, namely the Pauli Hamiltonian ]18j. 
In dimensions n > 3, global uniqueness was shown in [25] for the case of full data. The 
regularity assumptions in the result were improved in [26] and [27] . The case of partial data 
was considered in [12], based on the methods of [19] and [8], with an improvement on the 
regularity of the coefficients in [21]. 

Our main theorem implies that the partial Cauchy data can uniquely determine any two of 
(A, B, q). First we can prove that A and B are uniquely determined if q is known. Consider 
the operator 

du du 

(1.18) L(x, D)u = Au + a(x)- h b(x)- h q(x)u. 

OX i OX 2 

Here a, b, q are complex-valued functions. Let us define the following set of partial Cauchy 
data 

' — ■ f du du du 1 

C a ,b = Uu\ f , —\ f )\Au + a(x)— + b(x)— + q(x)u = in Q, u\r = 0,uE H\Q)j . 

We have 

Corollary 1.4. Let a E (0,1) and two pairs of complex-valued coefficients (a^\b^) E 
C 5+a (U) x C 5+a (U) and (a^,b^) E C 5+a (U) x C 5+a (U) satisfy C aW bW = C a{2) 6{2) . Then 
( (i),&(D) = (a^,b^). 

Proof. Taking into account that -J^- = (J^ + J|) and = — J|), we can rewrite the 
operator (I1.18P in the form 

du du 
L(x, D)u = Au + (a(x) + ib(x))— — h (a(x) — ib(x))— + q(x)u. 

Oz oz 



O. IMANUVILOV, G. UHLMANN, AND M. YAMAMOTO 



For the pairs (a^,&W) and (a^ 2 \ b^), let the corresponding operators defined by (11.18j) 
have the same partial Cauchy data. Denote 2Ak(x) = a^ k \x) + ib^ k \x) and 2Bk(x) = 
a^ k \x) — ib^ k \x). By (11. 8ft . we have 

(1.19) - 2 8.(A 1 -A 2 )-{B 1 -B 2 )A 1 -{A 1 -A 2 )B 2 = Q in ft, 

(1.20) -2^(B 1 -B 2 )-(A 1 -A 2 )B 1 -(B 1 -B 2 )A 2 = in ft. 

Applying to equation (I1.19P the operator 2j= and to equation (ll.20p the operator 2^, we 
have 

(1.21) -A(A 1 -A 2 )-2±{(B 1 -B 2 )A 1 + {A 1 -A 2 )B 2 ) = in ft, 

(1.22) -A(S! - B 2 ) - 2§- z {{A x - A 2 )B X + {B x - B 2 )A 2 ) = in ft. 

By (H3D 

(A 1 -A 2 )\ f = (B l -B 2 )\ f = Q. 

Using these identities and equations (11 .19|) and (11.201) . we obtain 

d{A x -A 2 ) = d(B 1 -B 2 ) = Q 
dv r dv r 

The uniqueness of the Cauchy problem for the system (ll.21l) - (ll.22l) can be proved in the 
standard way by using a Carleman estimate (e.g., [15]). Therefore we have A\ = A 2 and 
B x = B 2 in ft. □ 

We remark that Corollary II .41 generalizes the result of [11] uniqueness is obtained assuming 
that the measurements are made on the whole boundary. In dimensions n > 3, global 
uniqueness was shown in [TD] for the case of full data. 

Similarly to Corollary 11.41 we can prove that the partial Cauchy data can uniquely deter- 
mine a potential q and one of the coefficients A and B in (II. ip . 

Corollary 1.5. For j = 1,2, let (A^B^qj) G C 5+a (ft) x C 5+Q (ft) x C 4+Q (ft) for some 
a G (0, 1) and be complex-valued. We assume either A\ = A 2 or B\ = B 2 in ft. Then 
Ci^b^ = Ci,A 2 ,B 2 ,q2 implies (A 1 ,B 1 ,q 1 ) = (A 2 ,B 2 ,q 2 ). 

Corollaries 11.41 and 11.51 mean that the partial Cauchy data on V uniquely determine any 
two coefficients of the three coefficients of a second-order elliptic operator whose principal 
part is the Laplacian. 

The proof of Theorem 11.11 uses isothermal coordinates, the Carleman estimate obtained 
in section 2, and Theorem 11.31 In this case we need to prove a new Carleman estimate with 
degenerate harmonic weights to construct appropriate complex geometrical optics solutions. 
These solutions are different than the case of zero magnetic potential. The new form of 
these solutions considerably complicate the arguments, especially the asymptotic expansions 
needed to analyze the behavior of the solutions. In Section 2 we prove the Carleman estimate 
which we need. In Section 3 we state the estimates and asymptotics which we will use in 
the construction of the complex geometrical optics solutions. This construction is done in 
Section 4. The proof of Theorem 11.31 is completed in Section 5. In section 7 and 8 we discuss 
some technical lemmas needed in the previous sections. 
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2. CARLEMAN ESTIMATE 

Notations. We use throughout the paper the following notations, i = \/— 1, £1, £2, £1, £2 G 



1 a 



R, z = x\ + 1X2, C — £1 + ^£2, z denotes the complex conjugate of z G C, 
(5 = /3 2 ) where (3j G N+. We identify x = (x 1 ,x 2 ) G R 2 with z = xi + ix 2 G C. We set 
& = & = 5(7fe-^)^= I = l(afr + *A)' ^ = {x G n|diBt(ar,02) < e}. Throughout 
the paper we use both notations <9 Z and Jj, etc. and for example we denote 9§ = Jg?. We 
say that a function a(x) is antiholomorphic in Q if c^a(x)|n = 0. The tangential derivative 
on the boundary is given by J= = ^2^" — ^lgf - ; with z/ = (1/1,1/2) the unit outer normal 
to dQ. The ball of radius S centered at x is denoted by B(x,8) = {x G R 2 ||x — x\ < 5}. 
The corresponding sphere is denoted by S(x, 5) = {x G R 2 ||x — x\ = 5}. If / : R 2 — > R 1 is 
a function, then /" is the Hessian matrix with entries d ^ J x - Let || ■ H^.t^) = 1 1 • ||#fe(n) + 
|r| 2fc || • || lam) be the norm in the standard semi classical Sobolev space with inner product 
given by (■, -)-ff fc ' T (n) — (•> ")-ff fe (f}) + M 2fc (', - )l 2 {q)- For any positive function d we introduce 
the space L 2 d {Q) = {v(x)\ \\v \\l 2 (q) — (Jq d\v\ 2 dx)^ < 00}. C(X,Y) denotes the Banach space 
of all bounded linear operators from a Banach space X to another Banach space Y. By 
°x{~) we denote a function /(r, •) such that \\f(r, -)\\x = o(-^) as |r| — > +00. Finally for 
any x G dQ we introduce the left and right tangential derivatives as follows: 

where £(0) = x, £{s) is a parametrization of dQ near x , s is the length of the curve, and we 
are moving clockwise as s increases; 

where £(0) = x, £{s) is the parametrization of dQ near x , s is the length of the curve, and 
we are moving counterclockwise as s increases. 

For some a G (0, 1) we consider a function $(2;) = cp(xi,X2) + iip(xi,X2) G C 6+a (Q) with 
real-valued ip and ^ such that 

(2.1) _(^) = infi, Im$|r*=0 

where Tq is an open set on dQ such that r CC Tq. Denote by % the set of all the critical 
points of the function $ 

U = {zeQ\°—{z) = U}. 
Assume that $ has no critical points on T, and that all critical points are nondegenerate: 

(2.2) Hn<9ftcr , ^(z)^o, Vzen. 

dz l 

Then $ has only a finite number of critical points and we can set: 

(2.3) n\T = {x 1 ,...,x i }, HnT = {x e+1 ,...,x e+e >}. 
The following proposition was proved in [16] . 
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Proposition 2.1. Let x be an arbitrary point in fi. There exists a sequence of functions 
{$ £ } e6 (o,i) satisfying 112.1}) such that all the critical points of Q e are nondegenerate and there 
exists a sequence {x 6 },e G (0, 1) such that 

— d§ e 

x e G 1-L e = {z G Q\--—(z) = 0}, x e — > x as e — > +0. 

oz 

Moreover for any j from {1, . . . , Af} we have 

-H £ n 7j = i/ 7i nr>0, 
H £ n 7j cr z/ 7 ,nr = 0, 

Im$ e (x e ) {Im§ e (x)\x eH e \ {x e }} and Im$ e (x e ) ^ 0. 

In order to prove (jl.7p we need the following proposition. 

Proposition 2.2. Lei CC T 6e an arc with left endpoint x_ and right endpoint x + 
oriented clockwise. For any x G IntT* there exists a function &(z) which satisfies 112. 1}) . 
(GOP, im $|an\r. = and 

dim $ 

(2.4) xG^ = {a;6r t — (x) = 0}, cardg < 00, 

(2.5) (— ) 2 /m$(x) ^ Vx G £ \ {x_, x+}, 

ar 

Moreover 

(2.6) Im$(x) ^ Im$(x) \/xeQ\{x}and Im${x) ^ 0. 

(2.7) D+(x_)(— ) 6 /m$ ^ 0, D_(a; + )(— ) 6 /m$ ^ 0. 

Proof. Denote f q = dVL\t*. Let x_, x + G <9f2 be points such that the arc [x_, x + ] C (x_, x + ) 
and x G (x_,x + ) be an arbitrary point and Xq be another fixed point from the interval 
(x, x + ). We claim that there exists a pair ((p,ip) G C 6 (f2) x C 6 (f2) which solves the system 
of Cauchy-Riemann equations in Q such that 

A) Vlf. = 0, |^| 7At . > if Tj n f . ^ 0, |^(x) = 0, (|;) W) ^ o, 

A') D + (x_)(J^V(x)^0, D_(x + )(^)V(x)^0, 

B) The restriction of the function ip to the arc [x_,x + ] is a Morse function, 

dip ^ dip ^ 

C) -7— > on (x_,x_ , 7— < on \x+,x+), 
or or 

D) ^(x) i {iP(x)\xe dVl\{x} } ^(x) = 0}, 

E) if 7j PI f* = 0, then the restriction of the function on 7 j 
has only two nondegenerate critical points. 
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Such a pair of functions may be constructed in the following way. Let 71 fl f * 7^ and 
Tj-nf 1 * = for all j G {2, . . .Af}. First, by Corollary l7.1l in the Appendix, for some a G (0, 1), 
there exists a solution (<p,ip) G C 6+a (Q) x C 6+a (Q) to the Cauchy-Riemann equations with 
the following boundary data 

dtp. 



^\dn\[x ,x+] = Q^U\[*o.fi+] < P < 



and such that if 7^ fl f * = the function (p has only two nondegenerate critical points 
located on the contour 7^. The function if)* has the following properties: if>*\f* = 0, ^ > 
on (x-,X-], < on The function ip* on the set x ] has only one critical 

point x and ip*(x) 7^ 0. On the set (xo,x+) the Cauchy data is not fixed. The restriction of 
the function if) on [x ,x + ] can be approximated in the space C 6+a ([x ,x + }) by a sequence of 
Morse functions {g t } t( z^^ such that 

{-^) k ij{x) = {—) k g t {x) xe{x + ,x }, k G {0,1,..., 6}, 



and 



va^M*)i%^ = o}. 



Let us consider some arc J CC (x_,X-). On this arc we have ^ > 0, say, 

(2.8) —>/?'> on J for some positive B' . 

or 

Let (<p e ,ip e ) G C 6+a (f2) x C 6+a (f2) be a solution to the Cauchy-Riemann equations with 
boundary data if> € = on <9fi \ {J U [x ,x+]) and ip € = g t — ip on [x ,x + ] and on J7" the 
Cauchy data is chosen in such a way that 

(2-9) ||V , e||c6+«(Sf2) + ||V ? e||c6+«(Sn) ~> as ||& - ^||c6+°([o;o,3; + ]) °- 

By (12.81) . (12. 9p for all small positive e, the restriction of the function ip + if> € to <9f2 satisfies 

(^ + ^e)|rs = 0, — h \[x ,x+] < 0, — > on [x_,x_J, 

d(ib + ib e ) ~ ~ 

— £ < On ![*(),£+] = (V , + ^)l[x-,xo] = 

If j > 2 then the restriction of the function <p e + tp on jj has only two critical points located 
on the contour jj C f q. These critical points are nondegenerate if e is sufficiently small. 

Therefore the restriction of the function (ip + ip t ) on f\ has a finite number of a critical 
points. Some of these points may be the critical points of (if> + if) e ) considered as a function 
on Q. We change slightly the function (if) + if> e ) such that all of its critical points are in Q. 
Suppose that function ip + ip t has critical points on f*. Then these critical points should be 
among the set of critical points of the function g e , otherwise it would be the point x. We 
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( 2 - 10 ) Imwlr* = 0, w\ Ho = —\h = 0, -^Wo ^ 0. 



denote these points by x\, . . . ,x m . Let (tp,ip) G C 6+a (f2) x C 6+Q (f2) be a solution to the 
Cauchy-Riemann problem 07. ip with the following boundary data 

^|r 5 = 0, = 1, = 0, l^jll^u > °- 

For all small positive ei the function ^ + ^ e + e\ip does not have a critical point on dQ and 
the restriction of this function on T has a finite number of nondegenerate critical points. 
Therefore we take (<p + <p e + V* + + ei^p) as the pairs of functions satisfying A) - E). 

The function tp+itp with pair ((p, ip) satisfying conditions A)-E) satisfies all the hypotheses 
of Proposition 12.21 except that some of its critical points might possibly be degenerate. 
In order to fix this problem we consider a perturbation of the function (p + iip which is 
constructed in the following way. By Proposition 17.21 there exists a holomorphic function w 
in Q such that 

dw | d 2 w 
Denote $5 = tp + iip + 5w. For all sufficiently small positive 5, we have 

n cn s = {xen\^ s (x) = o}. 

We now show that for all sufficiently small positive 5, all critical points of the function $5 
are nondegenerate. Let x be a critical point of the function ip + iip. If x is a nondegenerate 
critical point, by the implicit function theorem, there exists a ball B(x,Si) such that the 
function $,5 in this ball has only one nondegenerate critical point for all small 5. Let J be a 
degenerate critical point of <p + iip. Without loss of generality we may assume that x — 0. 
In some neighborhood of 0, we have = YlkLi c kZ k+k — 5 Y^h=x bk zk for some natural 
number k and some c\ 7^ 0. Moreover (12.101) implies b\ 7^ 0. Let (xx j s,X2,s) £ Us and 
%5 = %i,s + ^2,<5 - >■ 0. Then either 

(2.11) z 5 = or zf = ^i/ci + o(5) as 5 -> 0. 

Therefore ^f(zs) 7^ for all sufficiently small 5. □ 

Let a G (0, 1) and A,Bg C 6+a (Q) be two complex-valued solutions to the boundary value 
problem 

dA dB 

(2.12) 2— = -A in ft, Im„4| r = 0, 2— = -B in ft, Im£| ro = 0. 

Consider the following boundary value problem 

(2.13) ^= = in ft, ^ = in ft, (cur 4 + c/e B )|r = /3. 

The existence of such functions 0(2;) and is given by the following proposition. 

Proposition 2.3. Let a G (0,1), A and B be as in MFTE . If p G C 5+Q (f ) has at 

least one solution (a,d) G C 5+Q (ft) x C 5+Qf (ft) such that 

(2.14) || (o, d) || c 5 + a (n)xc 5 + a {n) < Ci 11/^11 c 5 +«(r )- 
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If (3 G Hz (T ), then Ii2.13\) has at least one solution (a,d) G H 1 ^) x H 1 ^) such that 
(2-15) IKo^ll^njx^nj^Calliflll^^. 

Proof. Let fl be a domain in M 2 with smooth boundary such that fl C fl and there exits an 
open subdomain r C dfl satisfying T C r . Denote T* = dfl \ To- We extend A, B to T 
keeping the regularity and we extend (3 to r in such a way that ||/3|| i ~ < C3 ] I /5 j | 1 or 

HZ (To) HZ (Tq) 



c5+^(f\,) — ( ~' 3 \\^\\c 5 + a (T ~) where the constant C3 is independent of 0. By the trace theorem 
there exist a constant C 4 independent of (3, and a pair (r,r) such that (re A + re^) |p o = (3 
and it fie H^(f ) then (r,r) G H\fl) x H^fl) and 



\\(r,r)\\m(n)xm(n) < C A \^ MjJ . t(ro) - 
Similarly if /3 G C 5+a (f ) then (r,r) G C 5+a (I?) x C 5 + Q (H) and 



H( r ^llc5+«(o)xc5+-(n) < C5||P||c5+"(r )- 
Let / = |j and / = ||. For any e from (0, 1) consider the extremal problem 

■Up,p) = \\(p,p)\\l 2{ n) + -Wq;- fWl\n) + —II 3= - fWUn) ~+ inf ' M e K > 

where K = {(hi,h 2 ) G L 2 (fl) x L^ft)^^ + /i 2 e B )|f f) = 0}. Denote the solution to this 
extremal problem as (p £ ,p e ). Then 

J' € ( Pe ,p e )(5j)=0 V(5,5)elC. 

Hence 

(2.16) ((p e ,p e ), (5,5)) L2(S) + - /, g) L2( ^ + - /, |) L2{ ^ = V(M) G /C. 

Denote P £ = -\(^ - /), P = -^(fl ~ /)■ From we obtain 

<9P <9P ~ ~ 

(2.17) = p e , p e , P e | r * = P|r* = 0, ((u, + iv 2 )P € e B - (v x - iv 2 )P e e A )\ fo = 0. 

We claim that there exists a constant C$ independent of e such that 

(2.18) ||(P,P)|| <C 6 (\\( Pe ,p e )\\ + ll(^)|| 

It clearly suffices to prove the estimate (" 12 . 1 8[) locally assuming that supp (p e ,p e ) is in a small 
neighborhood of zero and the vector (0, 1) is orthogonal to dfl on the intersection of this 
neighborhood with the boundary. Using a conformal transformation we may assume that 
dfl n supp P e , dfl PI supp P t C {xi = 0}. In order to prove (12. 181) we consider the system of 
equations 

du -~~ du 

(2.19) — + B— = F, suppu c B(0,5) n {x\x 2 > 0}. 
dx 2 dxi 
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Here u = (ui, u 2 , U3, U4) = (Re P e , ImP e , ReP e , ImP e ), F = 2{Rep e , lmp e , Rep e , lmp e ), B = 
( 10 \ 

. The matrix B has two eigenvalues ±i and four linearly independent 

-1 
\ 1 / 

eigenvectors: 

q3 = (0, 0, 1, i), q4 = (1, — z, 0, 0) corresponding to the eigenvalue — i, 

qi = (1, z, 0, 0), q2 = (0, 0, 1, —i) corresponding to the eigenvalue i. 

We set i - ! = [y\e B , — v 2 e B , — v\e A 1 — v 2 e A ), r 2 = {yi^ B ■, v \e B , u 2 e A , — vie A ). Consider the ma- 
trix D = {dji} where djg = Tj ■ qg. We have 



D 



[yx-iv 2 )e -[yi-%v 2 )e J - 
(is 2 + iis 1 )e B {v 2 + ivi)e A 



Since the Lopatinski determinant det D 7^ we obtain (12 . 18[) (see e.g. [33 

Next we need to get rid of the second term in the right hand side of (12.181) . Suppose that 
for any C one can find e such that the estimate 

ll(^,P e )|| 

fails. That is, there exist a sequence e& — » +00 and a sequence {C tk } such that lim efc ^ +0 C ek = 
+00 and 



< 



1 



L 2 (n) 



a 



We Set (Q ek ,Qe k ) = {P ek ,Pe k )/\\{Pe k ,Pe k )\\ H ^) &Ild = (Pe k ,Pe k ) /\\(Pe k , Pe k )\\ H l ( a 



Then \\(q 6k , Qe h )\\L^(a\ as 0. Passing to the limit in (12.171) we have 



^ = inn, ^ = inO, Q| r . =Q| r . = 0. 

By the uniqueness for the Cauchy problem for the operator d z we conclude Q = Q = 0. 
On the other hand, since IKQe*.; Qc^Wh 1 ^) = 1> we can ex t rac t a subsequence, denoted the 
same, which is convergent in L 2 (Q). Therefore the sequence {(Q ek , Qe k )} converges to zero 
in L\n) x L\n). By (FJHD, we have 1/C 7 < IKft^gJH^ + IKQ^, QJU^)- Therefore 
liminf^^o ll(Qe fe , QeJII^Q) 7^ 0; an d this is a contradiction. Hence 



{Pe k ,Pe k )\\ H i(Q) - ^8 1 1 (Pc fc > Pe fc ) II J^3(fJ) > 



Ve > 0. 



Let us plug in (12 . 1 6[) the function (p ek ,p ek ) instead of (5, S). Then, by the above inequality, 
in view of the definitions of P tk and P tk , we have 

<C 9 ((f,f),(P ek ,P ek )) L2 ^<C w \\(f,f)\\ 

<ClllK/J)llL^)ll(^,P e J|| L2( n)- 
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This inequality implies that the sequence (p ek ,p ek ) is bounded in L 2 (fl) and 

"►(/,/) ^ L\n) x L 2 (fi). 
Then we construct a solution to (12.131) such that 

(2-20) H(p,p)llx>(5)<Ci2||(/,7)llL>(fi)- 
Observe that we can write the boundary value problem 

^ = f inQ, g = / infi, (pe^ + pe B )| Fo = 

in the form of system (I2.19P with u = (Rep, Imp, Rep, Imp), F = 2 (Re /, Im /, Re /, Im /). 
We set ri = (e A ,—e A ,—e B ,—e B ), r 2 = (e A , e A , e B , —e B ). Consider the matrix D = {dji} 
where dji = Tj ■ qg. We have 



D 



e B —e A 
e B e A 



Since the Lopatinski determinant det D^O the estimate (I2.20p imply (12.141) and (I2.15P (see 
e.g., [33] Theorem 4.1.2). This completes the proof of the proposition. □ 

The following proposition was proven in |16j : 

Proposition 2.4. Let $ satisfy A2.1\)J2.2\) and the function C = C 1 +iC 2 belongs to C^O). 
Let f G L 2 (Q), and v G H 1 ^) be a solution to 

d d$ 

(2.21) 2—v-r—v + Cv = f in VL 

oz oz 

or v be a solution to 

d d§ 

(2.22) 2— v-r— v + Cv = f in Q. 

oz oz 

In the case A2.21\) we have 



(2.23) +|| --— ~Re(r— - C)v n2 11/112 

In the case A2.22\) we have 



+Rej iUj^jL-^JL)?)?^* 

JdU V V ° x l OX 2 , 

1 dv i d^? 



^ - iMr^ ~ C)v\\ L2{n) - £(r(V^, v) - (u lCl - v 2 C 2 ))\vfda - J^- - ^)\v\ 2 dx 

+Re I i((-v®+v®\v\vda 
Jan \\ ax i ax i) J 

(2.24) + \\\^- - Re(r^ - C)v\\l^ = ||/fe (n) . 



16 



O. IMANUVILOV, G. UHLMANN, AND M. YAMAMOTO 



Consider the boundary value problem 

IC(x,D)u=(4^-^ + 2A^- + 2B^)u = f in 0, 

oz oz oz oz 

u\dn = 0. 

For this problem we have the following Carleman estimate with boundary terms. 

Proposition 2.5. Suppose that® satisfies 112. A2.2\) , u G Hq{VL) and \\A\\ LX ^ + \\B\\ LX ^ < 
K. Then there exist r = tq(K,Q>) and Ci 3 = Ci S (K, $) independent of u and r such that 
for all |t| > r 

I III rep || 2 i II tv\\2 i || ^ M -rep II 2 2||| ( ^ < ^ ) | rto||2 

kllK l La( n) + ||«e + II l L 2 (ro) +r IH^K l L2(n) 

(2.25) < CudK^D^e^H^nj + |r| ^ \^\ 2 e^da). 



Proof. Denote v = ue Tip , JC(x, D)u = f. Observe that (p(xi,X2) = 2 ($(z) + ^( z ))- Therefore 

d <9<£> d <9$ 
^A(e- 5 ) = % -r^)(2--r-) 5 = 

Assume now that u is a real valued function. Denote w = (2j| — r^|)t>. 
Thanks to the zero Dirichlet boundary condition for u we have 

Man = 2— \da = {p% + iV2)-z-\dn- 
oz av 

Let C be some smooth function in Q such that 

BC 

2— = C{x) = d(x) + iC 2 (x) in O, ImC = on T , 

where C = (Ci, C2) is the smooth function in Q such that 

div C = 1 in f2, (v, C) = —1 on T . 
By Proposition 12.41 we have the following integral equalities: 

\\^^- t l m (r^ + NC)(we NC )\\ LHn) - [ (r(Vy>, u) + JVfaCi + u 2 C 2 ))\% NC \ 2 da 
dxi dz J m dv 

(2.27) +N [ \we NC \ 2 dx + Re [ i((v 2 -^- - u l ^-)(we NC ))'uW^da + 

Jq Jan 0x1 dx 2 



+» - ~ Re(T f + ^(^iii-im = n/^iiiw 
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We now simplify the integral Rei JqqH^-^ — vi-J^)(we NC ))wie NC da . We recall that 

te R + iP -- 
8 8 



ue Tip and w = fa + iv 2 )§; = fa + iv 2 )^e T ^ . Denote R + iP = fa + iu 2 )e Nlmc . Therefore 



(2.28) Re / z(fa---u 1 --)(we NC ))we NC da = 

Jan oxi ox 2 

Re f i{{u 2 ^-u 1 ^)[{R + iP)^e^ +NRec ]){R-iP)^e^ +NRec da = 
Jon dx 1 dx 2 dv dv 

P 8 8 8(vp n C) 

Using the above formula we obtain 



dx\ 



-il m ( T ^ + NC)(we NC )\\ L2{n) - / ( T (V<p,v)+NfaC 1 + v 2 C 2 ))\^-e NC \ 2 da 
oz Jan ov 



/' /' 8 8 8(vp N ^ ec ) 

+N / \we NC \ 2 dx + Re / i[f> 2 -^- - Vi^-){R + iP)]\^-^ } -\ 2 {R - iP)da 

Jn Jan &x 2 ov 



(2-29) +|| - - Re(r^ + NC)(we^)\\ 2 L2{n) = ||/e^'||£ 2(n) 



Taking the parameter N sufficiently large positive and taking into account that the func- 
tion R + iP is independent of N on T we conclude from ( I2.29P 



(2.30) - / ( T (V<p,v) + ^-faC 1 + v 2 C 2 ))\^e NC \ 2 da + N [ \,h " c \-<l.r 
Jan 2 ov J n 



MC\2, 



<\\fe^e NC \\l Hn) +C(N) f t \%e NC \ 2 de 



A simple computation gives 



A ,Mve NRec ) .. 2 2n^/~ JvRecM.2 Un d(ve NRec ) 9f rJvRec , ll2 



(2-31) <2||^ c ||i 2(n) + C(iV)||^||i 2(Q) . 

Since by assumption (12. 2p . the function $ has zeros of at most second order, there exists 
a constant C u > independent of r such that 

(o qo\ r\\x*>NR&C\\2 ^ n ni^NRecii2 , 2m i ^ i~ ArReci|2 \ 

(2.32) r||ve || L2(n) < Cu(||ve || H i (n) + r || l^jK || L 2 (n) ). 

Therefore by (I2.30p - f12.32p there exists iVo > such that for any N > N there exists tq(N) 
that 

- / (r(V^v) + ^faC 1 + v 2 C 2 ))\^e NC \ 2 da+^ [ \we NC \ 2 dx 
Jan 1 ov 1 Jn 

n vReci|2 , |i~ jvRecn2 , 2111 °® i~ ArRecii2 



T U r < NLa ( n) + Fe || H i (n) + r \\\-Q^\ve || L 2 (n) 



(2-33) < \\fe^e NC \\l 2(n) + C 15 (N) [ \^e NC \ 2 da 
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In order to drop the assumption that u is the real valued function we obtain the ( 12.331) 
separately for the real and imaginary parts of u and combine them. This concludes the 
proof of the proposition. □ 

As a corollary we derive a Carleman inequality for the function u which satisfies the 
integral equality 

(2.34) (u, K(x, D)*w) L 2 {n) + (/, w) H i,r (n) + (ge T ^ e'^w)^^ = 
for all w G X = {w G iJ 1 (Sl) |if|r = 0,/C(x, D)*w G L 2 (ft)}. We have 

Corollary 2.1. Suppose that $ satisfies / TO) . / G H 1 ^)^ G iZ*(r), w G L 2 (fi) 

and i/ie coefficients A,B G {C G C (Q) | ||C||c?i(o) — ^ere exisi ro = To (if, $) and 

C*i6 = Ci6(-f^, independent of u and r, such that for solutions of \2.3J$ : 

(2.35) ||^||| 2(n) < C 16 |r|(||/e^|lW W + H^||^, T(F) ) V|r| > r . 

Proof. Let e be some positive number and d(x) be a smooth positive function of F which 

blow up like , _ |8 for any y G dT. Consider the extremal problem 

\ x y\ 

(2.36) J e (w) = l\\we-^\\ 2 L2{n) + l||/C(z, L>)*™ - ^e 2 ^||| 2(n) + ^we^f^ _> in f, 

(2.37) u> G = {w G ^(^l/C^D)^ G L 2 (fi),w|r = 0}. 

There exists a unique solution to (I2.36p . (I2.37P which we denote by w e . By Fermat's theorem 

j' e (w e )[5} = V5eX. 
Using the notation p e = -(JC(x, D)*w e — ue 2Tip ) this implies 

(2.38) K{x, D)p e + w t e~ 2Tip = in Q, p € \ dQ = 0, = d^e" 2 ^. 



By Proposition 12.51 we have 



Mlbee^Hi^ + \\p^f HHn) + ll^e^||i 2(ro) +r 2 |||^b e e^||l 2(Q) 



(2.39) < Cudl^e-^ll 2 ,^ + ±r [ \w e \ 2 e~ 2 ^da) < 2C 17 J ( 

\ r \ Jr* 

Taking the scalar product of equation (12.381) with w e we obtain 

2J e {w e ) + {ue 2r * )Pt ) L 2 m = 0. 
Applying to the second term of the above equality estimate (I2.39P we have 

\r\Je(w e ) < C 18 \\ue TLp \\ 2 L 2 {n) . 
Using this estimate we pass to the limit in (12.38P as e goes to zero. We obtain 

(2.40) K{x, D)p + we- 2T * = in Q, p\ dU = 0, f^| f = d^e" 2 ^, 

(2.41) K(x, D)*w - ue 2TV = in fi, w|r = 0, 
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and 

(2-42) M||^l! 2(n) + \\we^\\ 2 L2[f) < C 19 \\ue^\\ 2 L2{n) . 

Since w G L 2 {VL) we have p G H 2 (il) and by the trace theorem G Hz(dQ). The relation 
(I2.40p implies w G H%(T). But since w G ^(f) and w|r = we have w G H^(dQ). By 
HZ39|) - (|Z22) we get 



i 



(2-43) W^'^hh^an) ^ ^aoM'll^ll^n). 

Taking the scalar product of (I2.4ip with we~ 2rip and using the estimates (12.431) . (I2.42p we 

get 

(2-44) |^||V^ e -^||| 2{n) + |r|||^ e -^||i 2(n) + |^II^-^|| 2 h , iT(F) < C 21 \\ue^\\ 2 L2{ny 

From this estimate and a standard duality argument, the statement of Corollary 12 . 1 1 follows 
immediately. □ 

Consider the following problem 

(2.45) L(x,D)u = fe Tlp in fi, u\ To = ge Tip . 

We have 

Proposition 2.6. Let A,B G C 5+a (Q),q G L°°(Q) and e,a be a small positive numbers. 
There exists tq > such that for all |r| > tq there exists a solution to the boundary value 
problem flj?.^<5| ) such that 

(2-46) -j= \\Vue-^\\ L2{n) +VF\\\™- T,p \\v>W < ^(H/IU^o) + bW^.r^)- 

Let e be a sufficiently small positive number. If suppf C G e = {x G Q\dist(x, l-L) > e} and 
g = i/ien t/iere exists r > stzc/i that for all |r| > r t/iere exists a solution to the boundary 
value problem \2. 45\ ) such that 

(2.47) ||Vwe-^|| L2( n) + |r|||« e -^|| x2(n) < C 23 (e)||/|| L2(n) . 

Proof. First we reduce the problem (I2.45P to the case g = 0. Let r(2;) be a holomorphic 
function and r(z) be an antiholomorphic function such that (e A r + e B r)|r = g where A,BE 
C 6+a (Q) are defined as in (I2.12p . The existence of such functions r, r follows from Proposition 
12. 3[ and these functions can be chosen in such a way that 

IMIhhq) + \\r\\ H \n) <C 24 \\g\\ H i {ro) . 

We look for a solution u in the form 

u = (e A+T *r + e e+r¥ ?) + u, 

where 

(2.48) L(x, D)u = fe Ttp in ft, u\ Fo = 
and / = / - (q - 2§f - AB)e A re iT ^ - (q - 2f§ - A5)e 6 re-^. 
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In order to prove ( 12.461) we consider the following extremal problem: 
(2-49) T e (u) = -h — 7e^||i 2W -h §ll^—^||^x^ (F) ^ inf, 

(2.50) uey = {we H\Q)\w\ Vo = 0,L(x,D)w E L 2 (n)}. 

There exists a unique solution to problem ( I2.49p . (12.501) which we denote as u e . By Fermat's 
theorem 

(2.51) I' e {u e )[5} = VSey. 

Let p e = ^(L(x, D)u e — fe Tip ). Applying Corollary 12.11 we obtain from (I2.5ip 

(2-52) i| Pee ^||| 2(n) < C 2B (||« e e-^||| 1 , T(n) + ||w e e-^||^, T(F) ) < 2C 2 J e (u e ). 

Substituting in ( 12.511) with 5 = u e we get 

2I e (u e ) + (fe T ^ Pe ) L 2 {n) =0. 
Applying to this equality estimate (I2.52p we have 

< C 26 \r\\\f\\^(ay 
Using this estimate we pass to the limit as e — >■ +0. We obtain 

(2.53) L(x, D)u - je TV = in fi, u\ To = 0, 

and 

(2-54) ||«e- r lW W + he- T % Hf) < C 27 |r|||/||! 2(n) . 

Since \\f\\ L * iU ) < C2 8 (||/||^(n) + IMU (ro) )> inequality (EMD implies (EE]). 
In order to prove (12.471) we consider the following extremal problem 

(2.55) J e {u) = ^||«e-^||i 2(n) + ±-J\L(x,D)u - /e^||| 2(n) + ^i-|| ue -^||^ (F) _> in f, 

(2.56) u E X = {w E H^(tt)\L(x,D)w E L 2 (tt),w\r = 0}. 

(Here d(x) is a smooth positive function of T which blow up like uz^p f° r an Y V £ dT.) 
There exists a unique solution to problem (I2.55p . (I2.56P which we denote as u e . By Fermat's 
theorem 

J' e (u e )[5] = ^5 EX. 

This equality implies 

(2.57) L(x,Dy Pe + u e e~ 2 ^ = in Q, p e \ an = 0, |^| F = ^e^. 
By Proposition 12.51 

1 \\ ve -n 2 +||^ e ^||2 +^111 — loe^ll 3 
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(2.58) < C 29 (\\u e e-^\\ 2 LHn) + ±r [ \u t \ 2 e~ 2 ^da) < C 30 J e (u e ). 

Taking the scalar product of equation (12.571) with u e we obtain 

2J e (u e ) + (/e T *p e )i*(n) = 0. 
Applying to this equality estimate f!2.58j) we have 

(2.59) \r\ 2 Je(u e ) < C 3l \\f\\ 

Using this estimate we pass to the limit in (I2.57p . We conclude that 

(2.60) L(x, D)*p + ue- 2rip = in Q, p\ dn = 0, = Ae" 2 ^, 

ov \t\ 

(2.61) L(x, D)u - fe Tlp = in fi, u\r = 0. 
Moreover (I2.59f) implies 

(2-62) \r\ 2 \\ue-^\\ 2 L2{n) + |r| 1^%^ < C 32 ||/||| 2(n) . 

This finishes the proof of the proposition. □ 

3. Estimates and Asymptotics 

In this section we prove some estimates and obtain asymptotic expansions needed in the 
construction of the complex geometrical optics solutions in Section 4. 
Consider the operator 

L x {x, D) = 4|- J: + 2AS + 2bS + q x = 

oz oz Oz oz 

(2— + B 1 )(2— + A x ) + q x - 2—± - A 1 B 1 = 

oz oz Oz 

(3.1) (2^ + A x ){2^- + B x ) + qi -2°-^r- A X B X . 

Let A X ,B X G C 6+a (Q), with some a G (0, 1), satisfy 

dA dS 

(3.2) 2— = -A x in £1 ImA|r n = 0, 2—± = -B x in ft, Imi3i|r n = 

Oz ' Oz 

and let A 2 ,B 2 G C 6+a (Q) be defined similarly. Observe that 

(2t^ + A x )e Al =0 in Q, (2— + B x )e Bl =0 in Q. 
Oz oz 

Therefore if a(z),$>(z) are holomorphic functions and b(z) is an antiholomorphic function, 

we have 

8A1 

L x (x, D){e Al ae T *) = (q x - 2-^- - A x B x )e A 'ae T * , 

— f)R — 

L x (x,D)(e B W) = (q x - 2°-^ - A x B x )e B ^ '. 

Let us introduce the operators: 



°y 9 — 7) — ■ / ^iliiidC A dC = — / ^f^d^db, 
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d- x g 



2ni 



-d( a rfC 



^ Jn (-z 



We have (e.g., p.47, 56, 72 in [32]): 



Proposition 3.1. A) Let m > be an integer number and a G (0,1). Then d- ,d 



£(C m+a (fi),C 



m+a+l 



(«))• 



B; LeU <p < 2 and 1< 7 < T/ien S^ 1 ,^ 1 G £(1^(0), L 7 (f2)). 
CjLet 1< p < oo. T/ien Sr 1 ,^ 1 G £(L p (ft), W^(ft)). 

Assume that A, B, A, B satisfy fl2TT2|) . Setting T B c/ = e B d' 1 {e- B g) and = e^flf ^e - ^), 
for any g G C a (f2) we have 

d d 
(2— + B)T B g = g in Q, (2— + A)P A g = g in ft. 

We define two other operators: 

(3.3) K T , A g = ±e\^d^(ge- A e^-% K T , B g = ±e B e^d 7 \ge- B e^) 

for A, B, A, B satisfying f l2~T2|) . 

The following proposition follows from straightforward calculations. 



Proposition 3.2. Let g G C a (Q) for some positive a. The function TZ TtA g is a solution to 
(3.4) 

The function lZ TtB g solves 
(3.5) 

Using the stationary phase argument (e.g., Bleistein and Handelsman |1]), we will show 
Proposition 3.3. Let g G L 1 (f2) and a function $ satisfy 12. ZP ,( EO| ). Then 



d <9$ 
2t=Kt,a9 ~ 2T—Tl TiA g + A1Z T)A g = 9 m Vt. 
oz oz 



2—TZr^g + 2T—TZ T . B g + BTl T , B g = g inVt. 

oz oz 



lim\ T \. 



-(*(*)-*W) da . = o. 



Proof. Let {gk}kLi £ Co°(^) be a sequence of functions such that — > g in L x (f2). Let e > 
be arbitrary. Suppose that j is large enough such that \\g — gi-\\L 1 (si) < f ■ Then 



ge' 



r(*(*)-H*)) dx \ < i / (^_^)e^*W-*( 2 ))rfx| + 



(«) 



The first term on the right-hand side of this inequality is less then e/2 and the second goes 
to zero as \r\ approaches to infinity by the stationary phase argument (see e.g. [1]). □ 

We have 

Proposition 3.4. Let g G C 2 (Q), g\o e = and g\y_ = 0. Then for any 1 < p < oo 

+ H T , B g 



(3.6) 



9 



2r&$ 



Lp(n) 



9 



2r&$ 







= „(!) 


as r 


LP (SI) \ T J 
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Proof. We give a proof of the asymptotic formula for TZ T}B g- The proof for TZ T ^g is similar. 
Let <?(C,C) = QZ~ B - Th en 



2e- B K T , B g = 



gT(*-$) 



7T 



Let z = 
(3.7) 



7T <5->+Q Jn\B(z,S) (~Z 

x\ + and x = (xi, x<i) be not a critical point of the function <£>. Then 

/ "7 — ~ x~~^77~\ "si«?2 



r(*-*) 

2e- B K TtB g = 



lim 

7TT 5^+0 



e r(#-$) 

= lim 

7TT 5^+0 , 
e r(«-*) |- 

lim 



7TT B-WJ SM (-Z 29 C $(C) 

Since g]-^ = 0, we have 



f _J_ 9_ ( g(C,0 \ e rm)-m) 

n\B ix ,s)(-zd( \d c ®(0) 



(3.8) 



Hence, passing to the limit in 03 .7p we get 



<C^^fGl p (n) Vpe(l,2). 
k=l K 



e r(0-*) 

2e- B n TiB g = 



TIT 



in 



1 9 ( 9((,C) \ e r(*(0-«(0 



e .-wo-«(0) deidea _ ^) 



Denote G T (x) = /„ (j^fy) e T t*W-*(?))^ l£ ^ 2 . By Proposition [331 we see that 

(3.9) 



Denote 



T(£i,6) = 

where xn is the characteristic function of Q. 
Clearly 



G T (x) — > as \t\ ->■ +oo Vx G fl. 



WO 



(3.10) 



|g T (z)l < / ^^'^W i^2 a.e. infi Vr. 
F-CI 

By dSHD T belongs to L P {R 2 ) for any p G (1, 2). For any / G L P (R 2 ), we set 

I r f(z)= [ k-Cr"/(C,CKi^2- 

Then, by the Hardy-Littlewood-Sobolev inequality, if r > 1 and £ = 1 — — ^ ) for 1 < 
p < q < oo, then 

Pr/|U«(R 2 ) < Cp,gll/I|LP(R 2 )- 
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Set r = 2. Then we have to choose \~\ — 2 i that is, we can arbitrarily choose p > 2 close 
to 2, so that q is arbitrarily large. Hence J n j^id^id^ belongs to L q (£l) with positive q. By 
( 13.91) . (13.101) and the dominated convergence theorem 

G T ^0 mL q (Q) Vge(l,oo). 

The proof of the proposition is finished. □ 

We now consider the contribution from the critical points. 

Proposition 3.5. Let $ satisfy (2l\) and [2Jfy . Let g e C 4+a (Q) for some a > 0, g\ a , = 
and g\u = 0. Then there exist constants pu such that 

i 

(3.11) I ge^^-^dx = ^YPke 2ri ^ k) + o(\) as \r\ ->• +oo. 

Jn r 2 ^ 

Proof. Let 5 > be a sufficiently small number and G C£°(B(x k , 5)), e.k\B(x k ,s/2) = 1- By 
the stationary phase argument 

i 



I(r) = [ ge^-^dx = V / e^e^^W + o(l) 

Jn fe=1 JB(x k ,8) r 

Ve 2iT * ft) f e^e r( *- ¥) " 2 ^ ( ^ } da; + o(\) as |r| -> + 



>B(x k ,8) 

Since all the critical points of $ are nondegenerate, in some neighborhood of x k one can take 
local coordinates such that $ — $ — 2irip(xk) = z 2 — z 2 . Therefore 



J( T ) = V g«nW5») / q^'^dx + (1) 
fe =i • / s(o,i') r 



as r — >• +oo, 



where gfc £ Co(-^(Oj^')) an d ?fc(0) = 0. Hence there exist functions ri <k ,r 2} k & Cq(B(0,5')) 
such that q k = 2zri }k + 2zr 2>k . Integrating by parts, one can decompose J(r) as 



--fe^ft) / _ ^M)(0) X (a;)e^ 2 ^ 2 )^ 

-- V e 2 ^(^) / g fe e T( ^ 2 W + oi\) as |r| ->■ +oo, 
T 7^ Jb(o,S') t 2 



'5(0,(5') 

where x, <7fc G C 2 (-E>(0; 5')), x 1 5(0,572) = 1 an d §fc(0) = 0. Hence there exist functions ri } k, r 2jk £ 
Cq(S(0, 5')) such that = 2zri ) fc + 2zr 2 ^- Integrating by parts and applying Proposition 
13.41 we obtain 

e 



lim t[ q k e r{z2 ~ z2) dx = -S"e 2iT ^ Xk) lim / 

|r|^+oo Jb{0,5') |r|->+oo J B (q <S ' 



■ dr ljk dr 2>k . T 



) dz dz 



)e T{z z) dx = 0. 
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Therefore ( 13. lip follows from a standard application of stationary phase. The proof of the 
proposition is completed. □ 

Proposition 3.6. Let < e' < e, a function $ satisfy ( TO]) . ( TOj) and O e D (H \ T ) = 0. 

Suppose that g G C a (f2) PI /or some a G (0, 1), g|e> E = and g\% = 0. TTien 

(3-12) \r\\[Rr,Bg\\L^{o el ) + || V^bS 1 || L~(o e ,) < Ci(e',a)||o|| c -(f1)nH 1 (n)- 

Moreover 

~ i ~ <9$ ~ . 

(3.13) ||V7^ T>jB o|| L 2 (n) + |r|2 ||^ TiB o|| L 2 (n) + |r| ||— 7^ TiB o||L 2 (n) < C 2 (e' , a)\\g\\ Ca(U)nH i {n) . 

Proof. Denote g = ge~ B . Let x = (xx,x 2 ) be an arbitrary point from O e > and z = x\ + zx 2 . 
Then 

--nd- z \e T ^g)= / g _ _ rifr^ = lim V / ^ _ ^6- 

Jn C-z s ^+°^ 1 Jn\B(x k ,s) (-z 

Integrating by parts and taking 5 sufficiently small we have 

- nd;\e^g) = -± lim / *C e^d^ 



<K 



-°Jn\ui =1 B(x k ,s) (C - z) 
+~ Jim / ■ << 



^-+%\u Ll £(^) (C-^)(f) 2 



2 



(3.14) +J_ lim /" (^_j^)_». e T(*-*) d<7 . 



Since p|^ = we have that ||#||c°(S(s fc ,5)) < ^°llfi , llc ,Q (n)- Using this inequality and the fact 
that all the critical points of $ are nondegenerate we obtain 

— lim [ fa - iu 2 ) _ ^ ^ e'^W = 0. 

~a 2 # _ ~a 2 $ _ 

Since |<J^(C,C)I < C 3||fl'||c<*(f1) ELi we see that jm^{(,() G L x (fi) and 

9g 



- rrd;\e^g) = - 1 - [ 

r ./fHC - 2j 



i /■ o^S 

II 9 9f 2 



(3.15) +- / - dC ^ e T($ - $) ^i^2- 

From this equality, Proposition 13.31 and definition f !3.3p of the operator TZ Tj b, the estimate 
( 13.12ft follows immediately. To prove ( 13 . 1 3f) we observe 

~ gg(Cj _ d$(z) 

oz oz oz oz 2n J n ( — z 
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By Proposition 13.11 



dB ~ ~ ( dg dB , ., „ ., , 

— n T)B g + TZ T)B {— - — g}\\ L 2 {n) < C4g\\ HH n). 



Using arguments similar to (13. 14ft . (13.151) we obtain 

/ % J* ge T ^d^ 2 \\ LHn) < C 5 \\g 
Jn C - z 



2vJ n C-z 
Hence 

n dTZr,B9u , n\\ ii 

II — 0= — IU 2 (n) S ^\\9\\c«ist)r\H\ny 

Combining this estimate with (I3.12p we conclude 

\\^T^T,B9\\L2(n) < C7\\g\\c{n)nm(n)- 
Using this estimate and equation (13.41) we have 

n 

finishing the proof of the proposition. □ 

Let ei,e2 G C°°(fi) be functions such that 
(3.16) ei + e 2 = 1 in 

e 2 vanishes in some neighborhood of "H \ To and ei vanishes in a neighborhood of <9fi. 

Proposition 3.7. Let for some a G (0,1) A, B G C 5+a (fi), and i/ie functions A,B G 
C 6+Q (n) safo's/y Le£ ei,e 2 6e defined as in A3. 16]) . Let g G L P (Q) for some p > 2, 

suppg CC suppei and dist(T Q , suppg) > 0. We define u by 

■ A „ , e 2 (P A g-Me A ) 



u = Tl T , B (e 1 (P A g-Me A )) + 



2r<9 z $ 



where M = M{z) is a polynomial such that ^(P^gf — Me A )\-^ = for any k from {0, . . . , 6}. 
Then we have 

(3.17) V{x,D){ue T<s> ) = (2^ + A)(2^- + 5)(we r *) = ge T * + ^—h T as \r\ -> +oo, 

OZ OZ \T\ 

where 

\\h T \\L°°(a.) < C , 9(p)||fl'||LP(n) 
and for some sufficiently small positive e' we have: 

(3-18) -— T||V«||x,2 (n ) + |r|5|| M || L 2 (n) + \\u\\ H i,T {0tl) < C 10 \\g\\ L p(ny 

T 2 
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Proof. By Proposition 13.11 P*g belongs to Wp(Q). Since p > 2, by the Sobolev embedding 
theorem there exists a > such that P A g G C a (Q). By properties of elliptic operators and 
the fact that suppe 2 H suppg = {0} we have that P A g G C 5 (suppe 2 ). The estimate (13 . 1 8[) 
follows from Proposition 13.61 Short calculations give 



r <j> , r <[> , eT*. iu e 2 (P A g-Me A ) 



(3.19) V(x,D)(ue T *) = ge** + —V(x,D) . . } q> 

This formula implies (13T7j) with /i r = e iT ^V{x, D) (^fg^ 1 ) /sign r. □ 

The following proposition will play a critically important role in the construction of the 
complex geometric optic solutions. 

Proposition 3.8. Let f E L p (tt) for some p > 2, dist(T , supp f) > 0, q G H^(T ), e' be 
a small positive number such that O e i D (Ti \ T ) = 0. Then there exists r such that for all 
|t| > ro there exists a solution to the boundary value problem 

(3.20) L(x,D)w = fe T * inQ, w\ Fo = qe Tlp /T 
such that 

Hllwe-^IU^) + J=||(V W )e-^|U 2(n) + \\we-^\\ m , HO ,) < Cndl/H^n) + IMU (ro) )- 



Proof. Let x G C^°(r2) be equal to one in some neighborhood of the set "H\r . By Proposition 
12.61 there exists a solution to the problem (13.201) with inhomogeneous term (1 — x)f an d 
boundary data q/r such that 

(3-21) He- T 1^ (n) < C 12 (||/|| L2(n) + \\q\\ H i (ro) ). 

Denote w 2 = K- T;B {ei{P A {xf) ~ Me A )) + e2(PA ^g~ Me ^ ) where M = M{z) is a polynomial 
such that -§rw(Pji(xf) — Me A )\n = for any k from {0, . . . , 6}. Let q T be the restriction of 
w 2 to r . By (I3.12p there exists a constant Ci 3 independent of r such that 



(3-22) l r l 2 H^II J f/^(r ) - Gl3llJ llLP W- 

By Proposition 13.71 there exists a constant Cn independent of r such that 

(3.23) x/Fill^e'^IlL^) + -^=\\Vw 2 e~ Tlp \\ L 2 in) + \\w 2 e~ Tip \\ H i,T io ^ < C u \\j \\ L , W) . 



Let a T ,b T E H 1 ^) be holomorphic and antiholomorphic functions, respectively, such that 
(a T e A + b T e B )\r = —q T - By (13. 22ft and Proposition 12.31 there exist constants Ci5,C\q inde- 
pendent of t such that 



(3-24) ||ar||ffi(n) + WKWh^q) < C^Hg-rll^i (ro) < C 16 " J ^^ l) 

The function W = (u> 2 + 'a T e A )e T ® + b T e B+T ® satisfies 

L(x,D)W = xfe T * + e^^f= in Q, W\ To = 0, 

T 
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where 

(3.25) HMl 2 (Q) < C 17 \\f\\ L 2 {n) 
with some constant Cyj independent of r. By fl3.23jl . (13.241) 

(3.26) VM\\We- Ttf> \\ L2(n) + -L\\VWe- Tlp \\ L 2 (n) + \\We- Ttf> \\ m „ { o el) < C m .i || L , ( o, 



Let W be a solution to problem (12.451) with inhomogeneous term and boundary data / 
j^,g = respectively given by Proposition 12.61 The estimate (I2.46P has the form 



'H 

(3.27) \\We- T f\\ H i,r {n) < C l9 \\h T \\ L2{n) < C 20 ||/|U 2 (n). 

Then the function w x + W + W solves fl3T20l) . The estimate (jBTTTj) follows form fl3T2T|) . fl3T26|) 
and ( 13.271) . The proof of the proposition is completed. □ 

4. Complex Geometrical Optics Solutions 

For a complex- valued vector field (Ai,Bi) and complex- valued potential q\ we will con- 
struct solutions to the boundary value problem 

(4.1) L 1 {x,D)u 1 = Q in ft, ui| r „ = 
of the form 

(4.2) Ul {x) = a T {z)e Al+T * + d T (z)e Bl+T ^ + u u e Tip + u l2 e T * . 



Here A\ and B\ are defined by (13.21) respectively for A\ and Bi, a T (z) = a(z) + — 



ai(z) , a,2, t(z) 



r 2 , 



d T (z) = d(z) + ^ + ^ 

— //// 

(4.3) a,de C 5+a (ft), = in ft, ^ = in ft, 

(4.4) (ae* 41 + cfe Sl )|r = 0. 

Let x be some fixed point from ft \ <9ft. Suppose in addition that 
(4.5) 
d^CL d^d 

■g^lundn = Thinned = Vfc G {0, . . . , 5}, a\ n \ { ^ } = d\ H \ { ^ = 0, a(x) ^ 0, d(x) ^ 0. 

Such functions exists by Proposition 17.21 
Denote 

g x = r Bl ((g 1 -2-^-A 1 S 1 )de Bl )-M 2 (z)e Bl , g 2 = P Al {{q x -2-^--A 1 B x )ae^)-M 1 {z)e A \, 
where M±(z) and M 2 (z) are polynomials such that 

(4.6) _| ?{ = _| w = o Vfce{0,...,6}, — = — = on ft \ {x}. 
Thanks to our assumptions on the regularity of Ai,B x and q, g±,g 2 belong to C 6+Q (ft). 
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Note that by flOjl . ( 1431) 

d k+j g 1 d k+j g 2 
(4-7) d^ lnnm = d^ Um = ° iik + ^ Q - 

The function ai(z) is holomorphic in Q and di(z) is antiholomorphic in Q and 

The existence of such functions is given again by Proposition 12.31 Observe that by (14. 7p the 
functions g,||GC 4 (n). Let 

^ = r Bl ((g 1 -2-^-A lJ B 1 )^ie 6l )-M 2 (^)e Bl , & = P j4l (( 9l -2— ^-A 1 B 1 )a 1 e^)-M 1 (z)e A \ / 
oz oz 

where Mi(z) and M 2 (z) are polynomials such that 

(4-8) %^ = %^ = * V ^{ '---' 3 }- 

Henceforth we recall ( 13. 3p . The function u\\ is given by 



«ii = -e- lT ^ rAl {ei(gi + gi/r)} - e -^_^ = ^j_ + _L^ =L / m ( ^fA 



, eg(gi+j^ | e~*" 
2r7J$ 4r 

. r ,„., ^ , ^(^-f) , e** r ^fe 2 g 2 



(4.9) -e-^, Bl { e l( , 2 + g 2 ,r) } - e--^ + D) y ^ 

Now let us determine the functions ui 2 , a 2 (z) and d 2 (z). 

First we can obtain the following asymptotic formulae for any point on the boundary of 

(4,0) {eigi] |„ = (L_0^ + + Wr „ 

where 



2 - z) 



(4.12) = m^S) = i ' dz91 ^ W5 ° ' 



dj*$(5)' v 7 2 I <9f$(x) <9 2 $(x) <9 2 $(x) 
(4.13) a 1 (x) = ^Q, ~ 1 f ^ 2( ! } ^ ^ 2( ! } I ^ ( " } 



<9 2 $(£)' 2 op(£) <9 2 $(£) <9 2 $(x 

9i = e~ Al gi, g 2 = e~ Bl g 2 and W T ,i, W r , 2 G M(r ) satisfy 

(4-14) + ll>^U (ro) = as M ~> +°°- 

The proof of (14.101) and (14. lip is given in Section 8. 
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Denote 

Thanks to Proposition 12.31 we can define functions a2,±(z) G C 2 (fi) and d2,±(z) G C 2 (fi) 
satisfying 



(4.15) a2,±e^ + d 2 ,±e Sl = p± onT 



o- 



Straightforward computations give 

Li(x, D)((a + ^) e ^ 1+r * + (d + ^) e B ^ + e^uu) 

= (ft - 2^ - AxSOe^^-^ie^+^A)} " £2( f T S /T) ) 
+(ft - 2^ - A^e^-ft^Wft + ft/r)} - ^gj^) 
(4.16) +^L 1 (x,D) (a^LiCx.D) (ft)) + ^ Ll ^D)(^ Ll ^D) (g| 



Using Proposition 13.41 we transform the right-hand side of (14. 16ft as follows. 

(4.17) D)((a + ^)e^ 1+r * + (d + ^) e ^+ r * + Ull e T ^) 

= -(81-2^-^1)^5*5 
-(ft - - A 1 S 1 )e T * 5 ^ f + Xo e O L 4 (n) ( £ J + + x^ ^) f £ j as |r| +oo. 

We are looking for u\ 2 in the form U12 = uq + The function w_i is given by 

(4-18) «_! = ^ T)Sl { ei ^ 5 } + ^^_ r , Al { ei56 } + |^ + ^y, 

where 
(4.19) 

_ P Al ((ft - 2^ - Aigijft) - M 5 (z)e^ _ T Bl ((ft - 2g - A 1 B 1 )g 2 ) - M 6 (z)e Bl 
95 2d z <5> ' 9% 2^¥ 

Here M 5 (z),M 6 (z) are polynomials such that 

9s\u = 9e\n = ^9s\n = ^9e\n = 0. 

Using Proposition 12.31 we introduce functions a2fi,d>2,o G C 2 (Q) (holomorphic and antiholo- 
morphic respectively) such that 

(4.20) a e M +d b 1= 9s + 9z ^ 

2d 2 <P 2d z § 

Next we claim that 

1-1 

(4.21) 7^_ T Xi{eiSf 6 }|r = o(-) as |r| -> +oo, 7^^^ {ei^ 5 } |r = o(-) as \r\ ->■ +oo. 

r r 
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To see this, let us introduce the function T with domain IV 

7 = 2e-^e T ^Tl. TM {e l96 } = 

z 1 1 2a$ 



Denoting r(x = e^ 1 — 1 dz „_ = we have 

= 1 | e l( xMx)e^ = 1 /■ £ 8 / 80 rW \ ^ ^ 

Wn C-2 2z7rr ^nfci dxk ^ dxk l V ^l C - -2/ 



dip 

Since ELi afc( |v;> ei( ff } ) e we have ^ = °&- This P roves MJ- 

Now we finish the construction of functions a 2 , T (z) and d 2 ^ T (z) by setting 



d 2 , T (z) = d 2 ,o(z) + 
a 2>T (z) = a 2fl {z) + 



2|det^"(2)|5 



2|det^"(s)|5 

where a 2i= b,^2,± satisfy (I4.15p . To complete the construction of a solution to (14. ip we define 
Uq as the solution to the inhomogeneous problem 

(4.22) Li(x, D)(uoe T,p ) = h x e Ttp into, 

(4.23) u e Tlp = e^mi on T , 
where 

h t (T) = -e~ T(p Li(x, D){a T e Al+T * + d T e Bl+T * + u lx e Ttp + u^e T<fi ), 

nn = -e~ T<p {a T e Al+T * + d T e Bl+r¥ + «i n e T¥ + u^e T *)\ To . 

Observe that by ( 14. 17ft - ( 14. 191) ^i(r) can be represented in the form hi(r) = hu + h± 2 
where 

1 1 
(4-24) \\h u \\ L 4 {n) = 0(—), \\h 12 \\ LHn) = o(-) as|r|^+oo 

and for some positive e 

supphn C O e , dist(supp h\ 2) dVt) > 
and by gSJ), (gH, (EE]), 

(4.25) INI,^(r ) = °(^) as l r l ^ + °°- 

By Proposition 12.61 and Proposition 13.81 there exists a solution to (I4.22p , (I4.24p such that 

(4.26) -=||«o||hi(o) + 1 /MII«o||l2(c) + ||«o||Hi^(Oe) = o(-) as |r| +oo. 
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4.1. Complex geometrical optics solutions for the adjoint operator. We now con- 
struction complex geometrical optics solutions for the adjoint operator. This parallels the 
previous construction since the adjoint has a similar form. 

Consider the operator L 2 (x, D) = 4j^ J| + 2A 2 ^ + 2B 2 -§= + (Za- Its adjoint has the form 

L2(l , fl) . = 4#^-2^-2B^ + W-2-^ ^ 



dz dz dz dz dz dz 
a a 3 A 

%- A)(2 S- ft ) + *- 2 lF-^ 



d d dB- 



Next we construct solution to the following boundary value problem: 

(4.27) L 2 (x,D)*v = in ft, v\r = 0. 
We construct solutions to (14.271) of the form 

(4.28) v(x) = b T (z)e B2 ~ T * + c T {z)e M - T * + v^e^ + v 12 e~ Tip } v\r = 0. 
Here A 2 ,B 2 G C 6+a (Ti) satisfy 

(4.29) 2— - = A 2 infi, Im^ 2 | ro = 0, 2— # = B 2 in Q, lmB 2 \ To = 0, 

oz oz 

and 6 r (z) = b(z) + ^2 + j Ct( ^) = c(l ) + £lM + £^£) an d 

(4.30) 6,c G C 5+Q (ft), — = inft, — = in ft, 

(4.31) (be 62 + ce A2 )\ To = 0, 



(4.32) 

9 fc 6 . <9 fc c 



g/^K (JZ 

The existence of the functions 6 and c is given by Proposition 17.21 . Denote 

93 = P^w 2 ((q 2 -2^-A 2 ~B~ 2 )be B2 )-M 3 (z)e B2 , g A = T^{{q 2 -2^-A^)ce A2 )-M,{z)e M , 
where the polynomials M 3 (z), M 4 (z) are chosen such that 

(4-33) k= ^| M = O V*G { 0,...,6}. 

By g33]), g32D 

/a oa\ 9k+j 93 i ^ +i ^4 | „ w , . . ##4 ##3 _ nj\ r~\ 

(4 - 34) ^W Unan = dz^ lnn9Q =_° VA; + ^ 6 ' ^ = ^F = 0onH \W- 

Observe that by (14.341) == G C 4+ °(ft). Using Proposition 12.31 we introduce a holomor- 
phic function b±(z) G C 2 (ft) and an antiholomorphic function C\(z) G C 2 (ft) such that 

(4.35) M +Cie = 2^$ + 2¥f 0nr °' 



^knso = Vfc G {0, . . . , 5}, b\ n \ { x } = c\ n \ { z } = 0, b(x) ^ 0, c(x) ^ 0. 
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Let 

g 3 = P_ W2 ((q 2 -2^-A 2 B 2 )b 1 e t32 )~M 3 (z)e' 3 \ g, = T_^((q 2 -2^-A 2 B 2 ) Cl e^)-M,(z)e A \ 
where the polynomials M 3 (z), M±(z) are chosen such that 

The function vn is defined by 

vn = -e-^n_ Tt _- 2 { ei (g 3 + g 3 /r)} + ^ffe^ - ^H T ^{e x {g, + g A /r)} + ^gff^ 

( 4 - 37 ) "SS^ (it) "i^W*. (ft) ' 

Here we set 

K^-jcM = \e M e^-^d:\ge-^e^-^) 

provided that A 2 ,B 2 ,A 2 ,B 2 satisfy ( 14.29)) . By Proposition 18.11 the following asymptotic 
formulae hold: 

(4.38) {C193} |„ = (^-^ + *-^&) + w v 

and 

(4,9, { e l94} |„ = + _A> j + Wu , 

where 

(4.40) ^ = 11, .pjte)^) , d%(x) dlM*) 



d 2 MxY 2 \d*$(x) %®{x) d 2 Mx) d 2 Mx) 

(4 41) r x (x) = ^MEi t x {x) = -( dgMS ^<l>(x) _ glgjgj + d ^^) 



<9 z 2 $(x)' w 2 l<9 2 $(x) <9 2 $(x) <9 2 $(x) 9 2 $(x) 
g 3 = e~ A2 g 3 ,g4 = e~ B2 g4. Here the functions W T ,i, W T ,2 £ /f5(r ) satisfy 

( 4 - 42 ) ll^ill^^ + = o{±) as |r| +oo. 

Using Proposition 12.31 we define the holomorphic functions b 2t ±(z) G C 2 {VL) and antiholo- 
morphic c 2) ±(z) e C 2 (Q) such that 

(4.43) b 2t± e B2 + c 2t± e M = p± onT , 

where pk is defined as 



34 



O. IMANUVILOV, G. UHLMANN, AND M. YAMAMOTO 



Similarly to ( 14.1 7ft . there exist two positive numbers e and e' such that 
L 2 (x, £>)*((& + ^) e % - T$ + (6 + f)e A2 - T * + v n e- T v) 
(4-44) =^ { q 2 -2^-A^B 2 )- m=^(q 2 

(4.45) +Xn\o'0 L ^(n) + Xoftmn) (^) ■ 

We are looking for v\ 2 in the form vi 2 = vq + V-\. The function v-\ is given by 

(4.46) = - —n_ r ,_ M + -^ + ^, 

where 

(4.47) _ _ 

P_ W2 ((q 2 - 2|| - 3^)<fe) - M 7 (z)e B2 T_^((g 2 - 2§ - A^B 2 )g A ) - M 8 (z)e A * 

and Mi(z),M 8 (z) are polynomials such that 

(4.48) g 7 \ n = g 8 \ H = \7g 7 \ H =\7g 8 \ H = 0. 

Using Proposition [23] we introduce functions &2,q> c 2,o G C 2 {VL) such that 

(4.49) ^ +C2 ^ = _|_ + _|_ onr „. 

Similarly to (I4.2ip we have 

(-^ T ,-B a {ei<7 B } + \K^ T _-A 2 {eig 7 })\ To = o{—) as|r| -> +oo. 
Now we finish the construction of b 2 , T (z) and c 2)T (z) by setting 

(4 - 5o) m*)=mz) + * +() 2|det ;-;, ) — 

and 

„.„ , > , , , c 2 , + (2)e 2ir *^+c 2 ,-(2)e- 2 ' T «'' g » 

(4.51) <v W = c 2 , W + • 

where & 2j+ ,c 2j _ are defined in (14 .43 p . 

Consider the following boundary value problem 

(4.52) L 2 (x,DY(e- Tip vo) = h 2 e~ Tip in fi, 

(4.53) e-^o|ro = m 2 e^, 
where 

/i 2 = - e T¥, L 2 (x, D)*(6 T e B2 - r * + c.e" 42 ^ + v u e~ TV + u_ie _T *') 

and 

m 2 = -e T{p (b T e A2 ~ Tq> + c r e B2 ~ r * + v xx e~ TLp + u_ 1 e- T *'). 
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By (14.441) - ( 14.471) represent the function hi in the form hi = h 2 \ + h 22 where for some 
positive e 

supph 2 i C O e , dist(supph 22 ,dfl) > 0. 
The norms of the functions h 2 j are estimated as 

(4.54) ||/i2i||z/4(n) = 0{— ), \\hii\\ L 4(ty = o(-) as|r|-^+oo. 

By (ESDI), @33D, 132]), (S3QD we have 



(4.55) H^oll^i (ro) = o(^) as |r| -> +oo. 



Thanks to ( I4.54|) . (I4.55p . by Proposition 12 .61 and Proposition 13. 8l for sufficiently small positive 
e there exists a solution to problem (I4.52p . f )4.53j) such that 

(4-56) -7= H^oll^icn) +\/Mlko|U2(n) + |KH#i.-(o e ) = o(-) as |r| +00. 



5. Proof of Theorem 11.31 

Let u\ be a complex geometrical optics solution as in (I4.2p . Let u 2 be a solution to the 
following boundary value problem 

(5.1) L 2 (x,D)u 2 = in fi, u 2 \ an = u^qq, = ^~lr- 



Setting u = Ui — u 2 , q = qi — q 2 we have 



(5.2) L 2 (x, J D)u + 2(A 1 -A 2 )^ + 2(5 1 -5 2 )^ + g Ml = in ft, 



9m 

(5.3) = o, ^r;lf = - 

Let f be a solution to (14.271) in the form (I4.28p . Taking the scalar product of (I5.2p with v in 
L 2 (Q) we obtain 

(5.4) = J(2(A 1 -A 2 )^- + 2{B, ~B 2 )^ + qu,)vdx. 

Our goal is to obtain the asymptotic formula for the right hand side of (15. 4p . We have 



36 



O. IMANUVILOV, G. UHLMANN, AND M. YAMAMOTO 



Proposition 5.1. The following asymptotic formula is valid as |r| — > +00: 

(5.5) I = (gui,v)i3(n) = / {qace {Al+A2) + qdbe {Bl+m) )d, 

+ / (-{a x b + act)e {Al - m + -{a¥ x + bdxje^-^d. 
Jn r r 



T 



( agje Al _ cg 2 e M _ bg x e B2 dg 3 e Bl 
I 2d z $ ~' 2<9 2 $ 2d^ 2~b\§ 



(qab){x)e^ +B2+2Ti ^ + (qdc){x)e^ +M - 2iT ^ 

+2tt — r 

r\detip(x)\^ 

2ri7 sn y |V^| 2 2rz7^ y |V^| 2 V 

Proo/. By (Oil . fl49l) . (OB)l and Proposition El we have 

(5.6) «,<*) = (a(z) + fS£> )e *~ + (<i (r) + ' - |g - |g- + 0l>m (i). 
Using ffl~28l . (jQ7l> . (g3SD and Proposition E31 we get 

(5.7) v(x) = (b(z) + — - )e + (c(z) + — — )e + — == + + o i2(n) (-). 
By (ETBjl . (I5~T|) we obtain 



— T(p — 7-$ 1 



y ^g(c/6 + i(dx6 + d&i))e Bl+% + g(ac + ^(acl + aic))e" 4l+ ' 42 ^ dx 

Aft a lh eAl _ cg2e M _ bgie B2 dgje Bl \ 
rj n \ 29 2 $ 2d z § 2c\§ 2tW ) 

+ J q {abe A ^ +T ^ + cice Bl+ ^ +T ^-*)) dx + o(~j. 



Applying the stationary phase argument to the last integral on the right hand side of this 
formula we finish the proof of Proposition 15.11 □ 

We set 

(5.8) _ _ 

U{x) = a T (z)e A ^ x)+T ^ z) + d T {z)e Bl{x)+T ^ z \ V{x) = b T (z)e B2{x) - T ^ z) + c T {z)e M{x) ~ T ^ z) . 
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Short calculations give: 

h = 2((A 1 -A 2 )—,V) LH n ) 

b T e + c T e )l 2 (Q) 
3 f — 

fc =i ^ 

-(^{Ai - A 2 )a T e A ^,b T e B ^A +±Z 1 (Sn) 

-(2(^ - A 2 )a T e^, ^e*-**)^ 
+ jf (A - A 2 )(i/! - W2 )aAe A+&2!T ^<r + o ^ 

k=i J n < 

-{A 1 - A 2 )B 2 a T Ke Al+W2+2iT ^ - 2 J^i ~ A 2 )a T ~b~e Al+W2+2iT ^ dx 

(5.9) + / (A 1 - A 2 ){ Vl - iv 2 )a T Ke Al+W2+2t ^da + -X^dO) + o ( -) 

Jan r \ r J 

and 

dlA 

I 2 = ((B 1 -B 2 )—,V) L 2 {tl) 
= (2(5! - B 2 )(a T e A ^^ + A ^^), 6^-* + c T e A ^) L , {n) 

= J2 r 2 ~ k n k + I 2(B, - 5 2 )^«Ae A * 2n *rfi - (^(B 1 - B 2 )d T e B ^, 

k=l J Q ^ 

c T e M ~ T A - ( 2{B 1 - B 2 )d T e B ^, ^c T e A ^) 
+ f (B ± - J B 2 )(z/ 1 + w 2 )rf r c7e Bl+: ^- 2 ^rfa + -X 2 (dQ) + o 

JdSi T \ r J 

3 r 
= Y^r 2 ~ k K k + j {-(B 1 -B 2 )i 1 aAe A+82+2T# 



fc=i 

- 2 J=( 5 i - 5 2 Kc7e Bl+ ^- 2 ^ - (#i - B 2 )d T - T A 2 e B ^- 2%T ^dx 

(5.10) + / (Si - £ 2 )(i/i + iv 2 )d T c^e B ^- 2iT ^da + ir 2 («9ft) + o (- Y 

Jan r V r / 
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Here Kk, Kk are some constants independent of r but may depend on Aj, Bj, $. The terms 
X 1 (dfl),X 2 (dQ) are given by 

MM) = I (Ai- A 2 )e-^-c ( gag^lazggg'l ix 



and 



n 



dz I \detif>"(x)\* 



f / a , N Ai+Ao d ® / C 2 +e 2 ^(^) + C2 _ e -2r.^(x) \ 

+ (Ai- A 2 )e M+M —a 2— j dx = 

A/ a* ^ |det^"(x)|3 y 

•9^ V |det<(x)|5 



_ 2 f l e A 1+ Md® a f c 2 , + e 2 ^) + c 2 ,_e- 2 ^(-) \ ^ 
in^ ^ \ |det^"(x)|3 y 

/- , • a A 1 +^^_(a 2 , + e 2Ti ^ + a 2 ,-e- 2Ti ^\ , 
(z/i +iv 2 )e- Al+ - A2 — c — '— da 



(5.11) - / + «*)e*^a K±g^±f*z^ 1 

'an ® z V |det^"(a;)|2 



Bl+B2 <9$^ [ & 2i+ e 2 ™^) + fta-e-^W 



+ / (B, - S 2 )e Bl+B2 ^d ^ da; 

9z I |det^"(x)|2 



<9z cfe 



|det ^"(x)|3 



K - «*)e*^5 ( ^ + ^ ) d. 



(5.12) - / [v x -iv 2 )i 

Jan 



^ I |det^"(x)|s 



Denote 



Ui = -e T ^TZ- TiAl {eigi}, U 2 = ~e T ^TZ T)Bl { e i92]- 
A short calculation gives 

dU — 
(5.13) 2^ = (-e l9l + A 1 ^_ r , Al {e 1 ( ?1 })e r$ 
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and 

(5.14) 2^ = (-e l92 + B x n T>Bl {e l92 })e^ . 
We have 

— K- T , Al {eigi} = -7^7£_ TiAl {eiSfi} + r—H_ TM {e x g x \ + TZ^ tAi { — — — } 

t> f dAl \ t> i d ® i , t> r a ( e igi)-i 
= -T^^leigi-^-} - Tll^A^—exgx) + TC-r,^ { ^ } 

Ai _ /• ^(Y") — —iz\ 

+r e —e~^ / 8C , fel J (e 1 ^ 1 e-^)(e 1 ,6)e^ ) - $(C)) ^i^ 2 

(5.15) + e / «^ fel ! ^ ( e ^ ie ^)(6L,fe)e^-*ffl>«ieide a . 



Let 



27T J n Q-z 



We set 



0i(x,r) = A,r), 2 (x,r) = <5(x,0 2 , Bi, r) 



3 (z,t) = A, -r), 4 (x,r) = &{x, g A , B 2 , -r). 

By f[37l6l) . gSD, (l5~15]) and Proposition E3l we obtain 

(5.16) ^^{e^} = ^_ r , Al {^^} - e^e-^^dC-, r) + o L2(n) (i). 
Simple computations provide the formula 

9 ~ r i (9$ ~ ~ r <9(eig 2 ), 

irzTir,BA e i92\ = -z=-/l T ,B 1 {eig2} + r—K T>Bl {eig2} + Tc T , Bl { — 
oz oz oz oz 

-5 s d ® i % r dBl \ -5 r^ei^)-. 
-t^ TijBi {— ei^ 2 } - ^Bxl^^ei^j = TIt.bA — t^^\ 
oz oz oz 

+r e —e^ / ^ ; (e ia> e-^)(ei,6)e T W0-*(0) deidea 

Bi _ /■ 7) - ^(z z) 

(5.17) + 6 / * ^ g - \ e l92 e-^)(^ 2 )e^-^Mi^2. 
By flXTBD . dMD, f loTTTj) . Proposition El we have 

(5.18) l-ji TBi{eig2 } = n T , Bl {^^-} - e Bl e^-*)0 2 (-, r) + o L ^). 



Denote 

14 = _ e -^_ T) ^{e,^}, y 2 = -e-^K T> _ B2 {eig4,V(x,D) = 2(A 1 -A 2 )-^-+2(B 1 -B 2 ] 
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Q + = -(£?! - B 2 )Ai - (A x - A 2 )B 2 - 2^(A X - A 2 ) + (q x - q 2 ), 

Q- = -(Ai - A 2 )S! - (B 1 - B 2 )A 2 - 2-^(B x - B 2 ) + (q x - q 2 ). 

oz 

The following proposition is proved in Section 8. 

Proposition 5.2. There exist two numbers k, k>q independent of r such that the following 
asymptotic formula holds true: 

(V(x, D)(Ui + U 2 ), b T e B2 ~^ + c r e^-^) i2(Q) + (V(x, D)(a T e A ^ + d T e B ^), V x + V 2 ) LHn) = 
K+ — -2 I (ui + iv 2 )e Al+A2 c T {z)<5 x {x, r)da + 2 / {v x - iv 2 )e Bl+W2 d T (z)<8 A (x, r)da 

T JdQ, Jdil 

+ 2 1 a T {z)(5 3 {x, t)(v x + iu 2 )e Al+A ~ 2 da - 2 I [v x - iv 2 )e Bl+B2 b T {z)<5 2 {x, r)da 

JdO. Jdtt 

+ e- 2lT ^ T d 9i@) \ c -Ihm f {vi-™2)de B ^ W2 ' ^ 

•/./() z — z 





fdg 4 (x) 


r\detip" (x) 


|H dz . 


e -2irip(x) 


dgi(x) _ 


T\deti/j" (x) 


|* dz 6 




dgs(x) _ 


r\detip" (x) 


\h dz 6 


e 2irip{x) 


dg 2 (x) _ 



mi 



z — z 



mi 



z — z 



*m I fo-^)fe gl+ft i3 . 

an z — z 



(5.19) 



2n(Q + abe Al+B2+2iTll) + Q_cde Bl+A2 - 2ir ^)( 



x 



r\det-ip" (x) \ 2 



By (15.131) . (I5.14p . (15.16!) . (" 15 . 1 8f) and Proposition 13. 31 there exists a constant Co independent 
of t such that 

( V(x, D)(U X + U 2 ), V x + V 2 ) LHn) = ((A x - A 2 ){-2 (V r , Al {^|^} 

- e^e-^-*)0 1 + o L2(n) (^e^ 

+ (~e x g 2 + + OL2 ( n)(^))e T$ ), V x + V 2 ) L2[n) 

+ ((B x - B 2 ){-e x9x + A x ^= + o LHn) (^))e^, V x + V 2 ) L , m 

- (2(B X - B 2 )(TZ T , Bl {^^-} - e B >e^-^<5 2 + 0L2(n) (I)) e ^, V x + V 2 ) L2(n) 

= h o{— ) as r — > +oo. 

r r 
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Next we claim that 

(5.20) (V(x, D)(u e Ttfi ),v) L 2 {n) = o(-) as |r| -> +00, 

T 

and 

(5.21) (V{x, D)u, v e- T *) L 2 in) = o(-) as |r| ->■ +00. 

r 

Let us first prove fl5T2Tj) . By (OEI) . (JOEjl . f loTTBj) . f lBTTH]) . Proposition 3.2 and Proposition 
13.41 we have 

(5.22) {V{x, D)u, v e- T *) L 2 ia) = {V{x, D)U, v e^) L 2 (n) + o{-) as |r| ->• +00. 

We remind that the function W and V are defined by (I5.8p . By (14.561) we obtain from (15.221) 

(5.23) __ 

{V(x, D)u, Voe'^LHn) = t j M^i^i - A 2 )ae A ^ + ^{Bi~ B 2 )be B ^)v^dx + o(i) 

as |r| —7- +00. Here \ G C£°(f2) is a function such that x = 1 in some neighborhood of 
supp e 2 and % \ dVL C s-upp e 2 . 



By (T4T22|) and (1452]) the functions w ,+ = e~ iT ^and u _ = e iT ^ satisfy e T<I> L 2 (x, L>)*(e- T< % + ) = 
h 2 e lT ^ and e r *Z/ 2 (a;, -D)*(e _T *t>o,-) — h 2 e~ tT ^. More explicitly, there exist two first-order op- 
erators Vk{x, D) such that 

e T<I> L 2 (:r, £>)*(e^%+) = A^-2r|^ (2^pt-A 2 v ,+)+Pi(ar, £>K+ = o L 2 (n) (-) as |r| -)• +00 
and 

e T *L 2 (x,D)*(e-^v 0t _) = Av^-2r^{2^^-B 2 v ^)+V 2 (x, D)v^Z = o L 2 (n) (i) as |r| -> +00. 

In the above equalities we used (14 .24ft and (I4.54p . 

Let Xi e Co°(^) be a function such that Xi = 1 011 supp x an d g G C 2 (fi). Taking the 
scalar product of the first equation with Xi9 we obtain 

f d§ d If <9$ d 

2T—v^ X i(2-^+A 2 )gdx = (-)-J (v^(A+Vi(x, D)*)( X ig)+2rv^:—g(—+A 2 )xi)dx. 

By (14.561) we have 

f <9$ d 1 

(5.24) / r— ^ Xl (2— + A 2 )#cb = o(-) as |r| -> +00. 

Taking the scalar product of the second equation with xig where g G C 2 (f2) we have 

f d§ d Iff d<& d \ 

2r—v^xi(^+B 2 )gdx = °(-)~ ] ( ^~( A + ^(x, £)*)(xi<7) + 2rv^g—{2— + 5 2 ) X iJ da:. 

By (14361) we get 

(5.25) / 2r— v^z Xl {2— + 5 2 )#cfe = o(-) as \r\ ->■ +00. 

Jq OZ OZ T 

Takings such that (2j| + A 2 )g = (Ai — A 2 )e' 4l a(2;) in fl5T24"j) and # such that {2-§- z +B 2 )g = 
{B x - B 2 )b(z)e Bl in ( jO§ from ( l5~22j) we obtain (jOT]l . 
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In order to prove ( 15.201) we observe that 

(V(x,D)(u e T n,v) L 2 {n) = (V(x,D)(u e^),V) L 2 {n) +o^) = (V(x, D)(u e^), X V)v {n) + o(^) 

(5.26) = (u e r * V(x, DY( X V)) L 2 {n) + o(-) as \r\ +oo. 

r 



Then we can finish the proof of f !5.20j) using arguments similar to (I5.23p - fl5.24p . 

Denote M x = ^Lx{x, D){ffl), M 2 = ^Lx(x, D)(ff ), M 3 = -^L 2 (x, D)* (ff ) , 

A^4 = — ^=L 2 (x, Z?)* (^j^j ■ Then there exists a constant C independent of r such that 
(5.27) 

(P(x,D)(e^^+e^^),t;) L2(n) + (P(x )J D) M ,e-^^+e-^^i) L2(Q) = £+o(i) as|r| -> +oo. 

Denote ^ = * 2 = -fff§, * 3 = |g§, X A = g|. Then, using the stationary phase 

argument we conclude 

(5.28) (P(x, D)(e T *^ + e^), v) L , m + (P(x, L>K + e -*^) i2(n) = 



rfcr + o(— ) as|r|— 7-+00. 
r 



Next we show that 
Proposition 5.3. Under the conditions of Theorem ! 1.3\ 

(5.29) A x = A 2 , Bx = B 2 on f 

and for any function $ satisfying \2. h2.2\) and for any functions a, b, c, d satisfying ft4-3\ )> 
( ggP , uOty , U^Tjj we have 



(5.30) _ 
J($, a, b, c, d) = J | (i/ a + «z/ 2 )^a(z)3Me- 4l+:¥ + - tu 2 )^d{z)b(z)e Bl+W ^ da = 0. 

Proof. Let x be an arbitrary point from Int T and r* be an arc containing x such that 
r* CC T. By Proposition 12.21 there exists a weight function $ satisfying (12. 4p and (12. 6p . 
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Then the boundary integrals in ( 15. 91) . ( 15. 10}) have the following asymptotic: 

J(B 1 - B 2 )d T {zyMe Bl+ ^- 2lT ^da + J_(A X - A 2 ){u x - ti^ 2 )a T (z)K{z)e Al+m+2iT ^da 



^ I I 27T \ 2 JBi+Ai-2Tiil>)(x) 

E Si (cd(Bi - B 2 ))(x) ^ 



x(^Q\{x- ,£+} (. \ df 2 



2 n \ 2 e (A 1 +B 2 +2riiP)(x) 

+ 1 TWiT ( S 1 (ab(A 1 -A 2 ))(x)- 



(5.31) +0{-) as \r\ +oo. 

r 

We remind that the set Q is introduced in (12. 4p . Moreover, in order to avoid the contribution 

from the points x± functions a, b are chosen in such a way that 

(5.32) 

^? (X±) = ^f (x±) = ^F (x±) = <^F (X±) = v|/31 e {0 ' • • • ' 5} - 

Let Xi £ C°°(dQ) be a function such that it is equal 1 near points x± and has support 
located in a small neighborhood of these points. Then 

/ Xi{Bi-B 2 )d T c;e B ^- 2i ^da+ I xAM - A 2 ){v x - iv 2 )a r T T e M+W ^ 2iT ^ do = 

JT, JT, 

Xi (B 1 - B 2 )d T c;e Bl+ ^ de~ 2iT ^ , f Xi (A - A 2 ) (v x - iv 2 )a T Ke Al+B2 ~ de 2iT ^ . 

=2^? dr~ da+ L *r 

OT * OT 



d [xAB x -B 2 )d T - T e B ^ 



-2ir 



r df \ 2ir^ 

» OT 



^da 



! at aA-Ajh-.,)^^ = i 

Jr. 3f\ 2ir§ ) 

In order to obtain the last equality we used that by (15.321) and (I2.7P the functions 

8_ ( Xi{Bi-B 2 )d T - T e B ^ \ d_ ( x 1 (A 1 -A 2 )(u 1 - l u 2 )g T Y T e A ^ ' 
df \ 2i% ) ' df \ 2i% 

are bounded. By ([53]), f l53|) - fl5TT2|) . f l5TT9|) -f lCT|) . (15327]) - (13728]) and (15751)) . we can represent 
the right-hand side of ( 15. 4 p as 

1 ^ / / 27T \ * p (Bi+^-2r#)(2) 

O(-)=rF 1 + F 0+ YJ b^T- <*(«! -*))(*) ^ 

i 

27,- \ 2 e (Bi+^2+2riV)(s) 
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Taking into account that F\ is equal to the left-hand side of ( 15.301) we obtain the equality 
( 15.30)) . Using (12. 6 p and applying Bohr's theorem (e.g., [5], p. 393), we obtain (15. 29 p . □ 

Thanks to (ESJ), (153D- ( 15121) . (15TT9D -( 1CTD . ( 15^71) -( 15^91) . (ICTD we can write down the 
right-hand side of (15. 4 p as 

3 

h + h + h = S ^T 2 -\n k + K k ) + K 



k=l 



+ / (Ax - A 2 ){u 1 -iis 2 )a T b T e Al+B2 da+ [ (B 1 - B 2 ){v x + iv 2 )d T c;e Bx+M da 

(g + ao)(£)e^ 1+B2 "+ 2 ™^ + (Q_rfc)(J)e( Bl+: ^- 2lr ^)^ 
r|det ip"(x)\2 

+ -(Xi(9fi) + X 2 (<9ft)) - 2 / + w 2 )e- 4l+: ^c T (2)(S 1 (x, r)da 
T Jan 

+ 2 f {y x - iv 2 )e Bl+m d T (z)<&4{x,T)da + 2 / + ^e^+^a^)^^, r)dcr 
Jan Jan 

-2/ (i/! - iz/ 2 )e Bl+B2 6 T (z)0 2 (x, r)d<r 
Jan 

./</<> z — z 



r det ip"(x) 


|H ^ 


r 




<9#i(x) . 




r det i/j"(x) 


Il <9z e 




e 2iT%p{x) 






t det ^"(^O 


|l <9z 6 




e 2iTip(x) 


dg 2 (x) c _ 


-Si (SO 


r det i/j"(x) 


|l <9z 





an 



— aa 

z — z 



z — z 



(5.33) __^2 e -si(-) / (^i !f 2 )^ gl+g2 rf(T + (l) as | r |^ +00 . 



'an z — 2 t 

We note that and denote generic constants which are independent of r. In order to 
transform some terms in the above equality, we need the following proposition: 

Proposition 5.4. There exist a holomorphic function G H^(Q) and an antiholomorphic 
function G Hz(Q) such that 

(5.34) e| F = e Al+Al , 0| F = e Bl+m 
and 

(5.35) e Bl+B2 - e Al+Al Q = on T . 
Proof. Consider the extremal problem: 

(5.36) J{% ¥) = || e ^ + ^^ac - v&|| 2 2(F) + || e »i+^||&d - $|| 2 2(f) -> inf, 
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8^ 

(5.37) ^i = infi ' ~dl = infi ' ((^ + ^2)^ + (^i-^2)*)|r = 0. 

Here the functions a, b, c, d satisfy (14.31) . (14.41) . (14.301) and (14.3 ip . Denote the unique solution 
to this extremal problem (15.361) . (I5.37P as (\l/, \l/). Applying Lagrange's principle we obtain 

(5.38) Re(e M+Al ^ac - 5) L2(f) + Re{e Bl+ ^^bd - 5) L2(f) = 

for any 5, 5 from H^(il) such that 
85 85 

— = infi, ^=0 infi, + w 2 )5|r = -(fi - w 2 )8\ Va 

and there exist two functions P, P G P^(£7) such that 

<9P <9P 

(5.39) — = in Q, — = in ^, 

8z 



(5.40) (v x + zi/ 2 )P = e Al+A *— ac- ^ onT, (^ - iu 2 )P = e B ^+^— bd - ^ onT, 

(5.41) (P-P)| ro = 0. 



Denote = ±{P{z) - P(z)), %(z) = \{P{z) + P{z)). By flEUD 

(5.42) Im^o|r = Im$ |r = 0. 
Hence 

(5.43) P=($ + ^o), P = ($ -^o). 
From (I5.38P taking 5 = ^ and 5 = ^ we have 

(5.44) Re (e' 4l+: ^^ac - §, §) i2(F) + R e (e Bl+ ^^M - S) i2(F) 
By (IQ91) . flCTj) and flCTj) . we have 



= Re((z/! - ^ 2 )P, e^ 1+ ^^ac) i2(F) + Re((^ + m)P, e Bl+B ^M) i2(F) = 



2Re((^ - zz/ 2 )($ + i*o), e AM —ac) L2{f) + 2Re((^ + ^ 2 )($ - z* ), e BM ^=bd) L2[f) . 
We can rewrite 

2Re((z/! - ^ 2 )^,e^+^|^ac) L2(F) + 2Re((z/x + zz/ 2 )$ , e ^ +W ^bd) L2{f) = 



(5.45) 



3($, $ a, c, $ ^) + 3(<E>, ^o", c, $ o c0 
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and 



2Re((z/ 1 - M/ 2 )(itf ), e Al+M ^-ac) L2(f) + 2Re((u 1 + zV 2 )(-i# ), e B ' +B ^bd) L2(f 



-2Im((z/ 1 - iu 2 )acW , e A ^^) L2{f) - 2Im((i/ 1 + i^)&3* , e Bl+ ^^) L2(F) = 

-- [{{^ + % u 2 )bdm^e WM - {v x - % u 2 )bdW ^e B ^)da = 
% Jy Oz cfz 

(5.46) a* , b, c, dtf ) - a^ , b, c, dtf ))- 

Then by (1Q2]) . (ET35j) . fl£gg} and Proposition [ESI #i = 0. Taking into account fl5\l4"j) 



we obtain that J(*, = 0. Consequently, setting 6 = \!>/(<9 2 $ac) and 6 = fy/(d z §db) we 
obtain (IBTMjl . 
Observe that 

(5.47) (i/i + %v -i)-q^ = -(yx- 011 To- 

rn order to see this we argue as follows. We have that J| = §(gf- + + — ~ 

7T-) + 1(1^ + 1^)- Hence pL = *L *£. = -pL ' = _M a nd fT = »e Observe that 
iyx+iv>)& = §(^+^)+f(^-^) = §(&+i|0 and fa-iz*)£ = 
Hence 

Therefore 



. . <9<E> cfy> .cV cfy/> .do? 
1/1 ?Z/2 <9z <9r % &f dr % df' 

Taking into account that ip\v = we obtain (I5.47p . 

From ([523), dUS]), (Oj) . ( fOOj) . fOTj) and f l537j) we obtain fl535|) . The proof of the 
proposition is completed. In general <3>, a, b, c, may have a finite number of zeros in Q. At 
these zeros 0, may have poles. On the other hand observe that 0, are independent of a 
particular choice of the functions a, b, c, d. Making small perturbations of these functions 
we can shift the position of the zeros. Therefore we may assume that there are no poles for 
0,0. □ 
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(5.48) o(i) = ^r 2 " fc F fc 

k=l 

- ^(Q + ab)(x)e^ Al+ ^ +2Ti ^ + (Q_dc)(^ e ( Sl+ ^- 2iT ^} 



r det 


:5) 




1 






t det ip"\ 




1* 


1 






r det if>"\ 


:20 


1* 


1 






t det 




1* 


1 






t det if>"\ 




1* 



r 

<9$ 



3 Bi+& _ 0)— 6(2) (d 2 + rf 2 _e- 2r ^ (x) W 

; Bi+Bi _ 6)^(2) (& 2 +e 2 ™^) + 62 ,_e- 2T ^( £ ))dflr 

- 2 / (i/j +iz/ 2 )(e' 4l+: ^- 9)^)0! (x,r)dcr + 2 / - ii/ 2 )(e Bl+ ^ - Q)d T (z)& 4 (x, r)da 
Jtq Jr 

+ 2/ {y x + iv 2 )(e Al+Al - Q)a T {z)®^x~r)da - 2 / - «z/ 2 )(e Bl+S2 - 9)&^)0 2 (x, r)da 

e' Al ^ ( j v ~ x ' """J?" - ^da - 2tt(c0)(x) 

+ 7T — ^^ e~ A ^ ( ^ ^ ' - Z± da - 2 'K{a®){x) 



r det if)" (x) 




e -2iTip(x) 


(5) 


t det ■0" (x) 








t det ■0" (5) 




e 2iTip(x) 


dg 2 {x) 


r det -0" (5Q 


2 <9z 



e -Hi(£) 



r 



z — z 




(vi + w 2 )c(e" 4l+: ^ 


-0) 


z — z 




(z/i + iu 2 )a(e Al+AT2 


-6) 


z — z 




(u! - iu 2 )b{e Bl+ ^ - 




z — z 



Here are some constants independent of r. 
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Then, using ljQ5)l . ( 1Q5l) . (IQ7|I . on T we have 



(5.49) - (z/! + ^^(e- 41 ^ - 0)c (a 2j+ e 2ri ^ + a^e" 2 ™^) 

_ i^)^( e Bi+E _ g)6 ( rf2i+e 2^(x) + rf2 _ e -2«V(-)) = 

+ iz/^c ((e^+^ - 6)a 2 , + e 2 ™^ + (e Bl+ ^ - 6e^-^)rf 2 , + e 2 ^«) 
_ ^ 2 )||& (V 1+ ^ - ee^-^)a 2 ,_e- 2 ™^ + (e Bl+ ^ - 6)d 2 ,-e- 2 ™^) = 
-(^ + zz/ 2 )^c {{e M+Al - Q)a 2t+ e 2Ti ^ + {e Bl+Al - Qe~ A ^)d 2& e 2Ti ^ 
_(^ _ z^)||& ((e- 41 ^ - ee^- Sl )a 2) _e- 2 ^^ + (e Bl+ ^ - 6)d 2 ,_e- 2 ™^) = 
-iyx + m)^(e** - Qe~ M )cp + e 2ri ^ - (y x - iv 2 )^{^ - Qe~ Bl )bp„e- 2Ti ^ 



and 



(5.50) - (vj. + iu 2 ) (e Al+M - 6) —a (c^+e 2 "^) + c^e" 27 ^® ) 

-(i/i - ^ 2 )(e Bl+ ^ - ©)||d ^ 2 +e 2-#(5;) + 6 2i _ e -2ri^(x)^ = 
+ ma^o ((e^ 1+ ^ - e)c 2 ,_e- 2 "^^) + ( e ^+^ - e - Bl+Al Q)b 2 ,.e- 2 ^^ 
-iyi - «^)^ {[e Bl+A ~ 2 - 9e^ 1+6l )c 2 , + e- 2 ^( J ) + (e Bl+ ^ - 0)& 2j+ e 2 ™^)) = 
+ iu 2 )^a [[e Al+A ~ 2 - e)c2,_e- 2 ^(^ + (e Al+Bl - e^-^B^.-e- 2 ™^ 2 )) 
-(i/i - w 2 )|?d (V 1+l41 - ee^-^) C2i+e 2-#(-) + (e Bl+ ^ - e> 2i+ e 2 ™M-)) = 
-(^i + iv2)^-(e Al - Qe'^ap.e- 2 ^) - [y x - iu 2 )^(e Bl - Ge^df^ 2 ^). 
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Using ( 15.491) . ( 15.501) and Proposition 18.21 we rewrite ( 15.481) as 

3 



(5.51) o(-) = J2 

T Z — 4 

k=l 

71 



r 2 - k F k 



r\detifj"(x)\ 2 

_ e 2irip(x) 

r|det ip"(x)\ i Jr 



[Q + ab)(x)e 



(Ai+B 2 +2TiiP)(x) 



+ (Q-dc)(x)e 



(B 1 +A 2 -2iTip)(x) 



{v x + iu 2 )(e^ - e)a ^ A2)(x) da 



z — z 



-2iTip(x) 



T 



T 



T 



T 



T 



T 



T 



det if)"(x) 

-2irtp(x) 



det ip"(x) 

e 2irip(x) 



det if)"(x) 

e -2iTip(x) 



det if)" '(x) 

e -2iTip(x) 



det if)" (x) 

2irip(x) 



det if)"(x) 

e 2irip(x) 



det if>" (x) 



-{d z g x e Al ){x 



, / {yi + iiy 2 )(e Al+A2 - ejc(z)^^ ^da 

2 Jr 



z — z 



(^-iu^e^-^d ^^ da 



2 JTo 



Z — Z 



2 Jv 



dg 4 (x) 



\ dz 



dgi(x) 



I dz 



-B 2 (x) 



-Ai{x) 



Z — Z 

{v x - iu 2 )d{e Bl+W2 - 



O) 



r 



r 



d 9z{x) c -a- 2 {<£) 



dz 



dg 2 (x) 



\ dz 



r 



z — z 




(i/i + w 2 )c(e- 4l+: ^ 


-0) 


Z — 2! 




(z/i +ii/ 2 )a(e- 4l+: ^ 


-0) 


z — z 




(vx - iv 2 )b(e B ^ +W2 - 


-0) 


z — z 



da- 2tx(cQ){x) 
da — 27r(a0)(x) 
da-2n(be)(x) 



Let rj be a smooth function such that 77 is zero in some neighborhood of dfl and r](x) 7^ 0. 
Observe that the partial Cauchy data of the operators L 2 (x, D) and the operator e~ sr, Li(x, D)e sri 
are exactly the same. Therefore we have the analog of ( 15.51!) for these two operators 
with At and B x replaced by A\ — sr\ and B x — sr\. The coefficients A X ,B X should be 
replaced by A\ + 2s^,B x + 2s|p The functions Q± will not change. The function q x 
should be replaced by q x + sArj + s 2 | Vi]\ 2 + 2sA X j^ + 2sB x ^. This immediately implies that 
(Q + ab)(x) = (Q_<ic)(x) = 0. The proof of the theorem is completed. □ 



6. Proof of Theorem 1.1 
Suppose that we have two operators 



and 



L x (x, D) = A gi + 2A X — + 2B X — + q x 



L 2 {x, D) = A g2 + 2A 2 — + 2B 2 — + q 2 
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with the same partial Cauchy data. Multiplying the metric g 2 , if necessary, by some positive 
smooth function /3, we may assume that 

(6-1) |^*-0?)lr = O, ^e{0,l}. 

We note that {g{ k } denotes the inverse matrix to g 1 = {gijk}- Without loss of generality, 
we may assume that there exists a smooth positive function \i 2 such that g 2 = \x 2 l. Indeed, 
using isothermal coordinates we make a change of variables in the operator L 2 (x,D) such 
that g 2 = [i 2 I. Then we make the same changes of variables in the operator L\(x,D). The 
partial Cauchy data of both operators obtained by this change of variables are the same. 

Let u be a subdomain in M 2 such that Q R u = 0, duo fl dQ = T and the boundary of the 
domain Q = Int(f2 U oS) is smooth. We extend fi 2 in Q as a smooth positive function and set 
g{ = —I in u. By (16. ip g\ G C 1 (fi). There exists an isothermal mapping Xi — (Xi, 15X1,2) 
such that the operator L\(x, D) is transformed to 

1 

(6.2) q 1 ( 2/)jD ) = _a + 2C 1 — + 2D X — + n ye X i@), 

where n\ is a smooth positive function in Xi(^) an d Ci,Di,ri are some smooth complex 
valued functions. Consider a solution to the boundary value problem 

Qi(y, D)w = in xi(fi), H xl (r ) = 

of the form (14. 2ft with a holomorphic weight function $1. Then the function U\(x) = w(xi(x)) 
is solution to 

L 1 (x,D)ui = in Q, %|r — 0- 

Since the partial Cauchy data for the operators Li(x,D) and L 2 (x,D) are the same, there 
exists a function u 2 such that 

(6.3) L 2 (x,,D) M 2 = infi, u 2 \r = 0, (-^- - -^)| F = 0. 

Using (16. ip and (I6.3P we extend u 2 e if 1 (f2) in f2 such that 

(6.4) ui\ u] = u 2 \ u] . 

Let y?2 be a harmonic function in Q such that 

dcp 2l 



du 

We claim that 



I To 



0, (f 2 = Re $1 o xi on Oil \ T c 



(6.5) tp 2 = Re $1 o xi in u>. 

A difficulty comes from the fact that the function <p 2 is continuous on (see e.g [28J) but 
the derivatives of (p 2 may be discontinuous at some points of OTq. First we observe that it is 
suffices to prove ( 16. 5 j) for the functions such that Im $1 = on some open set 0$ 1 C dxi(&) 
such that Xi(ro) C 0^. Indeed, without loss of generality, assume that <9fi \ T is an arc 
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with two endpoints x±. Let the sequences {x e -}, {x et+ } C dQ \ T be such that x e> ± — > x± 
as e — > 0. Consider a sequence of holomorphic functions {$i ie } ee ( ,i) such that 

^ = inxi(fi), Im$ li£ | Xl(roe) = 0, 

in C 1 ^), 

where T e C T is the arc between points x e> _,x £)+ and r 0)e = dfl \ T € . We define <p 2 ,e as 
First we assume that 



|r , e = °) ^2, e = Re $i j£ o xi on <9fi \ r , e . 



(6.6) (p2, e = Re $i )£ o ^ on w. 

Passing to the limit in the above equality we obtain (16. 5p . 

Now we concentrate on the proof of ( 16. 6j) . Let be one of the functions in the sequence 
{$1^)^(0,1). Consider a sequence of domains Q £ such that Q £ C fi, <9f2 £ fl dfl = T and 
dist(dQ £ \ r , r) — > as e — >■ 0. Then the function <£) 2 ,e is smooth on f2 e . Let us take as U\ 
the CGO solution constructed in the previous sections. Thanks to the Carleman estimate 
(I2.25P there exists r = r (e) such that 

(6.7) \\e^u 2 \\ L2 ^ s) < C \re 5 ^\ V|r| > 



TO, 



where Co = Cq{e) is independent of r and 5 £ — > as e — )■ 0. On the other hand Mi = 
e rIte*i,«o X1 ^^ e Ci^Im*i 1 . + ^ e 2Ji-irIm*i 1 .) OXl+0 (i)) i Here we note that Ci, Pi G C 6+Q (n e ; 
are defined similarly to (13. 2\\ : 

2— i = -d in a, ImCiIro = 0, 2—^ = -Z^ in fi e , ImD^ = 0. 
Then by (16. 4p the following holds true: 

(6.8) e T ^(e- T ^u 2 ) = e rRe<I>1 - »((a r e Cl+iTlm<I,1 - e +6 r e 7?1 - iTlm<I,1 - e ) ° X i + 0(-)) Vx G w. 

r 

This equality implies (I6.5P immediately. Indeed, let for some point x from u 

(6.9) <p %e {x) ^Re$ 1>e o Xl (£). 
Then there exists a ball B(x, 5') C a; such that 



(6.10) \<f2,e( x ) -Re$i, e o Xl (x)| > a' > Var G <?')■ 



Let us fix positive £i such that B(x, 5') C f) ei and 25 £l < a'. Form (16. 8ft by (16. 7ft and ( 16 . 1 01) 
we have 

C'eH-Vo^OM'))^ < |^ RM M°x 1 -,v) (((aTe c 1+ »dm $1 , e +6 ^-^Im* M) Q ^ +0{^))\\^ {B ^ 

= \\e- Tip2 -u 2 \\ L2(B ^ S ')) < C \r\e s ^, 

where r > r if v 9 2,e(a ? ) < Re $i, e o Xi(a ? ) and r < — t if v 9 2,e(a^) > Re $i, e o Xi(^)- The above 
inequality contradicts ( 16. 9p . 
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Let S = Xi,i +iXi,2- Using the Cauchy-Riemann equations, we construct the multivalued 
function ip 2 such that <3> 2 = yj 2 + £02 is holomorphic on the Riemann surface associated with 
Q. Moreover we take the function $1 which can be holomorphically extended in some domain 
O such that Xi(^) C O. Observe that 

$ 2 = $ x o H onw. 

Then H = ^^f 1 o $ 2 in u. 

We claim that the function H can be extended up to a single valued holomorphic function 
S on Q such that H : Q — >■ Xi(fi), S(fi) = Xi(f2) an d 7^ 0- First we show that the function 
S can be extended along any curve connecting two points in Q. Our proof is by contradiction. 
Let 7 be such a continuous curve connecting a point z% in u and a point z 2 in f2 such that the 
function H can not be extended along 7. Consider the parametrization of the curve 7 such 
that we are moving from the point Z\ = 7(0) to the point z 2 = 7(1)- Let z = 7(«) be the 
first point on 7 around which the holomorphic continuation of the function 5 is impossible. 
Consider the function $! such that {^l^^i = 0} fl {z\z = 2(7(5)) s G [0, «]} = 0. Observe 
that 

$ 3 ( T (s)) = $ l oH( 7 (i)) VsG[0,k]. 

Indeed let s = sup sgX s where X = {s|there exists S(s) > such that $ 2 (z) = $i°S(z) G 
£?(7(s), 5)}. Let s < k. Since ^$1(7(5)) 7^ o $ 2 is holomorphic with a domain which 
contains the ball centered at j(s). Since H = ^J" 1 o $ 2 on some open set this equality holds 
true on this ball which is a contradiction with the definition of s. 

Now we consider the situation at the point z. Since we can not extend S around this 
point we would have II = = $2(2)} C xi(<9fi). Since 9^$i(F) ^ we can extend S 

on some ball centered at z. (Of course such extension might not be the one we are looking 
for since H : Q — > Xi(^) might not be valid.) Consider a perturbation of the function 
$1 + e^i, where \&i is a smooth holomorphic function in O such that Im^i| xl (ro)un — 0. 
This perturbation generates a perturbation of the function <3> 2 : $ 2 + e\l/ 2 , where 

(6.11) ARe^ 2 = in fl, — - — -| r = 0, Re# 2 = Re#io Xl on dfl \ T Q . 

av 

For these new functions we still have 

$ 2 + e\P 2 = ($1 + e^i) o 5 onw. 

For all sufficiently small e, the function ($1 + e\?i) does not have a critical point on f2. 
Therefore the function ($1 + e^i) -1 o ($ 2 + e\l/ 2 ) can be holomorphically continued along 
of 7 up to the point z. Denote this extension on some ball centered at z as S e . Obviously 
S e = 5. Making a choice of ^1 in such a way that Im^ 2 (z) 7^ Jm\I/ 1 (H(z)) we obtain that 
this equality is impossible. 

Let us show that the function H does not have a critical points in fl. Our proof is again 
by contradiction. Suppose that z is a critical point of H. If such critical points exist these 
points are critical points of the function $ 2 . Consider the perturbation of the function $1: 
$1 + e\&i, where ^1 is a smooth holomorphic function in Xi(^) such that Im^ i| xi (r ) = 
and such that for the function $ 2 given by (16. lip we have d z ^ 2 {z) 7^ 0. The mapping H is 
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still the same but a position of the critical point for the function $2 + ^2 changes which is 
a contradiction. 

Let us show that E is the single valued function. Our proof is by contradiction. Let S 
be the multivalued function around of some point z. Then there exists holomorphic $1 such 
that d z §i(z) = and $ 2 = $1 o H. Obviously 

(6.12) {z\z = E{z)} C {z\d z ^ = 0}. 

Let ^1 is a smooth holomorphic function in O such that I?7i 1 i r i| Xl (ro)un — and ^ 
for all z G {2|<9 z $i = 0}. Then for the function $x + e^i we again should have H(£)} C 
{z\dz($x + eftx) = G\. This contradicts to fl6TT2|) ^ 

If 5(fi) 7^ Xi(fi) we still have that E(fi) C Yi(^)- On the other hand, on the boundary of 
X\($$) \ the imaginary part of the function <3>! is zero. This is impossible. 

In the domain Q consider the new infinitesimal coordinates for the operator Pi given by 
the mapping o H(x). In these coordinates, the operator P\{x, D) has the form 

1 d d 

(6.13) Q(x,D) = ^A + 2A 1 — + 2B 1 — + q l . 

/il oz oz 

Since S _1 o H|p = Id, the Cauchy data for the operators L2 and Q are exactly the same. The 
operators L 2 and Q are particular cases of the operator (11. lft . Since (^2-/^1) |p = the partial 
Cauchy data C^i^^m an d ^ g i ~ are equal. We multiply the operator Q by the func- 
tion //1//X2 and denote the resulting operator as -D) = j±Q(x, D). Therefore by Corollary 

11.11 there exists a function 77 which satisfies ( 11. 5ft such that L,2(x,D) = e~ r 'Q(x, D)e n . The 
proof of the theorem is completed. □ 

Proof of Theorem 11.21 First we observe that in order to prove the statement of this 
theorem it suffices to prove it in the case when instead of the whole T the input and output 
both are measured on an arbitrary small neighborhood of the point x. 

Now one can consider only the case when T C {x\ = 0} is a small neighborhood of the 
point 0. We observe that if 

(6.14) K 2 -- 2 22 )lf = ^K 22 --2 22 )lf = o 

then repeating the proof of [21] we obtain 

(6.15) 01 = 0-2 on T; — - = — - on T. 

ox 2 0x2 

Let us show that there exists a diffeomorphism 

(6.16) F-.n^n, F(x)\ t = x 

such that for the metric b\ = \det DF~ 1 \F*ai we have 

-22 22 f< 
a x = a 2 on T. 

First assume that we are already have 

(6.17) 0f(O)=0 2 22 (O) and ^-(of - of )(0) = 0. 
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Let y = y(x) be some diffeomorphism of Q into itself. By x = x(y) we denote the inverse 
mapping. Then 

-22 11/^1 \ 2 /9X2 12® X 1 22^ x 2 

a i = a i ("ST-) / ~5TT + 2a i -^T" + a i 



<9y 2 <%2 1 <% 2 1 dy 2 ' 
This equality and ( 16.171) immediately imply that as the perturbation of the identity mapping 
one can construct the diffeomorphism of Q into itself which satisfy (I6.16P such that (I6.14p 
hold true . 

Let us construct the diffeomorphism which satisfies (16.141) such that (I6.17P holds true. Let 
p be a smooth function such that p\gn = and p is strictly positive in Q and |^|an < 0. 
Consider the system of ODE 

^ = p{y)fi{y), = p{v)h{y)- 

The corresponding phase flow g s is a diffeomorphism of Q into itself such that g s (x) = x 
on dQ. Let /i(0) ^ and / 2 (0) ^ 0. With appropriate choice of /i,/2 one can arrange 
that = and ^2 = a 22 (0)Ax 22 (0).Then the first equality in (IBTTTj) holds true. 

Adjusting the second derivatives of /i,/ 2 we can arrange that 8 f 1 i°' > = and 9 » 2 |°' 1 = 

2 22 

(o) ( ^dy^ — d<J dyf* ^dy^ ) ' Then ^ ne secon d equality in ( 16. 17ft holds true. 
Now ( I6.15P is established. The rest of the proof of Theorem 1.2 as in the proof of Theorem 
1.1. □ 

7. Appendix I 

Consider the following problem for the Cauchy-Riemann equations 
(7.1) L(0^) = (^-^,^ + ^)=O infl, {4,1>)\ro = (h{x)M*)), 

^(0 + #)(%) = Coj, VjG{l,...A} andV/G{0,...,5}. 

Here x\, . . . xjy be an arbitrary fixed points in Q. We consider the pair 61,62 an d complex 
numbers C = (c 0) i, c^i, c 2j i, c 3j i, c 4j i, c 5j i . . . c 0i at, c^jv, c 2i at, c 3i at, c 4i at, c 5i at) as initial data for 
( 17. ip . The following proposition establishes the solvability of (17. ip for a dense set of Cauchy 
data. 

Proposition 7.1. There exists a set O C C 6 (T^) x C 6 (T^) x C m such that for each 
(b u b 2 ,C) G O, (Tip has at least one solution (0,-0) E C 6 (U) x C 6 (H) and O = C e (T^) x 
C%T~ ) x C m . 

Proof. Denote B = (61,62) an arbitrary element of the space C 7 (r ) x C 7 (r ). Consider the 
following extremal problem 



(7.2) J e (0,^) = ||(0,^)-5||S7 (r +eJ2 



4 



1 5 ^ fc 

+ - || A 3 L(0, V)|| £ 4 (n) + HH + ^)(%) - c ^'| 2 inf ' 
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(7.3) e wj(n) x Wj{tt). 

Here 5^, denotes the Besov space of the corresponding orders. 

For each e > there exists a unique solution to (17. 2p . (17. 3p which we denote as ((p e ,ip e ). 
This fact can be proved by standard arguments. We fix e > 0. Denote by U a d the set of 
admissible elements of the problem (17. 2p . (17. 3p . namely 

U ad = {(0,^) G W 7 A (Q) x Wlmj^ if,) < oo}. 

Denote J e = 'mi^ eW r^ xW r^ J e (0, ^). Clearly the pair (0, 0) G U ad . Therefore there exists 
a minimizing sequence ^fc)}^ C W7(fi) x W^fi) such that 

J £ = lim J e ((f) k} i/j k ). 

fe— > + OD 

Observe that the minimizing sequence is bounded in Wj(fl) x Wj(fl). Indeed, since the 
sequence {A 3 L(0 fc , ip k ), L((f) k , ipk)\dn, ■ ■ ■ , J^(0fc, i>k)\an} is bounded in L 4 (fi) x L 4 (fi) x 

27_ fc 27_ k 

n^ =0 i?4 4 (d£l) x £> 4 4 (dQ,) the standard elliptic L p -estimate implies that the sequence 
{L(<j) k , ipk)} is bounded in the space Wfiyi) x WliVl). Taking into account that the sequence 

27 27 

traces of the functions (<f)).,ij) k ) is bounded in the Besov space B 4 4 (dQ) x B 4 4 (dQ) and 
applying the estimates for elliptic operators one more time we obtain that {((f) k , ipk)} bounded 
in WliVt) x Wj{Q). By the Sobolev imbedding theorem the sequence {{4> k , ipk)} is bounded in 
C 6 (f2) xC 6 (f2). Then taking if necessary a subsequence, (which we denote again as {(</>&, ^fc)}) 
we obtain 

(</>*, V*) -> (?„ weakly in H/ 4 7 (ft) x H/ 4 7 (ft), 

^0z/T' "ft^ ^ weakly m 5/ x B 4 4 (dO) Vj G {0, 1, 2, 3}, 

<9 fc 

t^(</> + iip){Xj) - c kJ -»■ Cfcj, e , fc G {0, . . . , 5}, 

A 3 L(0 fc ,^fc) ->■ r e weakly inL 4 (fi) x L 4 (fT), L(0 fc ,^ fc ) ->■ r e weakly inH/ 4 6 (fi) x W%(tt). 

Obviously, r € = A 3 L(<p e , xp e ), r e = L(<p e ,ij} e ). Then, since the norms in the spaces L 4 (Q) and 
_B 4 4 (dfl) are lower semicontinuous with respect to weak convergence we obtain that 

J e (0 e ,^ e ) < lim J e (<j) kj ip k ) = J e . 

k— >+oo 

Thus the pair ((f> e ,i() e ) is a solution to the extremal problem (17. 2p . (17.31) . Since the set of an 
admissible elements is convex and the functional J e is strictly convex, this solution is unique. 
By Fer mat's theorem we have 

j' e ($ e , [5] = 0, \/s g wl(n) x wj(n). 
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This equality can be written in the form 

3 oAi £bk 



fc=0 

3=1 A:=0 



<9 fe - <9 fc ~ 

(7-4) + fe (< ^ + ^ e)( ^ ~ Cfcj fe^ + iS *)&) = °' 

where p e = 7((A 3 (§| - §J)) 3 , (A 3 (|| + §|)) 3 ) and /f. j/s (iu) denotes the derivative of the 

functional w — > IMIs£(r*) at w. 

Observe that the pair J e ((f) e ,ip e ) < J e (0,0) = ||-B|| 4 27 + X}j=i Sfc=o l c fcj| 2 - This implies 

B4 (ro) 

^ ^ 27 27 , ^ 

that the sequence {(0 e ,^ e )} is bounded in _B 4 4 (r ) x £> 4 4 (r ), the sequences + 
i-$ e )(xj) ~ c k ,j} are bounded in C, the sequence e^l =0 1' m „_ k (^(^ t , : tjj t })[-£ E 5] converges 

~ 27 27 4 

to zero for any 5 from B 4 4 (dQ) x B 4 4 (dtt). Then (17.41) implies that the sequence {p e } e6( - n 
is bounded in Ls(fi) x Ls(fi). 

27 27 

Therefore there exist B G -B 4 4 (r Q ) x £? 4 4 (r ), Cqj, Cij, . . . , C 5 j G C and p = (pi,P2) G 
Li(Q) x Li (fl) such that 
(7.5) 

^ ^ 27 27 4 4 

(0 e , ip e )-B-^B weakly in E 4 4 (r ) x 5 4 4 (r ), p e p weakly in La (ft) x Ls (ft), 
<9 fc ~ 

(7.6) ^(0 e + z^)(%)-c fcij -C , fcij ke{0,l,...,5},je{l,...,N}. 

Passing to the limit in (17.41) we obtain 
(7.7) 

N 5 



d k ~ ~ ~ 
I'r « (B)[5] + (p, A 3 L5) L 2 {n) + 2Re J2J2 Ck ^ ^ +^)(%) =0 We ^ 4 7 (ft) x Wl(Q). 

j=l k=0 

Next we claim that 
(7.8) A 3 p = in ft \ uf =1 {xj} 

in the sense of distributions. Suppose that (17. 8p is already proved. This implies 

N 5 ~oir-: — — 

(p, A 3 L6) L , (n) + 2Re Y.H Ck ^ ^ +^)(%) = V<Ma G Cg°(n). 

j=l k=0 

If p = (pi,P2), denoting P = pi — ip 2 , we have 

N 5 



Re(A 3 P,^i +ih))mn) + Re J2J2 Ck >^^ +^)(%) = V<M 2 G C °°(ft). 

i=l fc=0 
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Since by (17. 8p supp A 3 P C U|Li{%} there exist some constants mpj and £j such that 
A 3 P = Y2f=i Yl\p\=i Trip t jD^8(x — Xj). The above equality can be written in the form 

d ^ 
- m M-&P^{x - xj) = 5{x - xj). 

\/3\=l ' k=0 

From this we obtain 

(7.9) C Ot j = C 1 j = --- = C 5 ,j = je{l,...,N}. 
Therefore 

(7.10) A 3 p = infi. 
This implies 

~ ~ ~ 81 S d 5 Tfi 

(p, A 3 L5) LHn) =0 We W 7 4 (Q) x Wl(Q), L5\ 9n = -^\an = ••• = ~Q^\an = 0. 

This equality and (17.71) yield 

~ ~ - ~ 8LS d 5 T^ 

(7.11) I' ro „(B)[S\ = V5eW 7 4 (n)xWl(n), L5\ dn = -^\ d n = ...-^ r \dn = 0. 

Then using the trace theorem we conclude that B = 0. Using this and (I7.5P we obtain 

^ ^ 27 27 

(7.12) (0 £fc , tpj - B - weakly in 5/ (r„) x B A * (r ). 
From (17. 6p and (17. 9p we obtain 

d k - 

^(</> e + i^ e ){x) -± c K j k G {0, 1, . . . , 5}, j G {1, ■ ■ ■ , N}. 

27 

By the Sobolev embedding theorem B£ (r ) CC C 5 (r ). Therefore (I7.12p implies 

(7.13) fa h ,$ eh )-B^Q in C 5 (r )xC 5 (r ). 
Let the pair (<j) ek ,ip ek ) be a solution to the boundary value problem 
(7-14) £(& fc ,? e J = L(4>e k ,A k ) in fi, ? e Jan = 

Here ^* is a smooth function such that ip* |r = and the pair (L((j) £k ,ip ek ),ip* ) is orthogonal 
to all solutions of the adjoint problem (see [32]). Moreover since L((j) ek ,ip tk ) — > in W® (fl) x 
W^fi) we may assume ip* — > in C 6 (<9fi) x C 6 (<9fi). Among all possible solutions to 
problem (17.141) (clearly there is no unique solution to this problem) we choose one such that 
j Q (p ek dx = 0. Thus we obtain 

(7.15) (0 efc ,VO-+O in W 7 A {9) x Wj(n). 

Therefore the sequence {(4> ek — 4>e k ,ipe k — ipe k )} represents the desired approximation to the 
solution of the Cauchy problem (17.11) . 

Now we prove (I7.8p . Let x be an arbitrary point in Q \ \Jj =1 {xj} and let x be a smooth 
function such that it is zero in some neighborhood of To U U^ =1 {xj} and the set T> = {x G 
^lx( a; ) — 1} contains an open connected subset J 7 such that x G T and r n T is an open 
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set in dQ. In addition we assume that Int(supp x) is a simply connected domain. By ( 17.71) 
we have 

(7.16) = (p, A 3 L(x5)) L2( n) = (xp, A 3 L5) L2(n) + (p, [A 3 L,x\S) L 2 (n) W5 G W 4 7 (ft) x W 7 4 (Q). 

Denote L5 = 5. Consider the functional mapping 5 G W^suppx) to (p, [A 3 L, x\$)l 2 (si)i 
where 



L<5 = 5 infi, lm8\ s = 0, Re5dx = 

J sunn V 



suppx 

where S denotes the boundary of suppx. For each 5 G W|(suppx) x W%(swppx)i there 
exists a unique solution 5 G Wf(suppx) x Wj^suppx). Hence the functional is well- 
defined and continuous on Wf(suppx). Therefore there exist q, r, g £ -^ 3 (suppx) such 

that Lp P xSlfc=i r ^&fe^+ + *>*) dx = (P' [A 3 ^,x]^L2(su P px)- 
Consider the boundary value problem 

~ ~ ~ dP d 2 P 

A 3 P = / in supp X, = = a-5-ls = 0. 

Here / = 2div (Vq) — go — Y^jk=i dx^dxj ok- A solution to this problem exists and is unique, 
since / G (Wf (suppx))'- Then P G Wl (supp x) x Wi(suppx). On the other hand, thanks 

3 3 

to f)7.16p . P = XP G W|(suppx) x Wi(suppx). 

Next we take another smooth cut off function Xi such that supp Xi CP and Int (supp Xl) 
is a simply connected domain. A neighborhood of x belongs to Pi = {x\xi = 1}, the interior 
of T>\ is connected, and Int T>\ D T contains an open subset (9 in <9f2. Similarly to (17.161) we 
have 

(XiP, A 3 L6) LHn) - (p, [A 3 L, Xi]5)l 2 (q) = W8 G W 4 7 (fi) x W 4 7 (fi). 
This equality implies that XiP £ Wf(JT) x using a similar argument to the one 

3 3 

above. 

Next we take another smooth cut off function x 2 such that supp x 2 C ©2 and Int (supp X2) 
is a simply connected domain. A neighborhood of a; belongs to V 3 = {x\x2 — 1}, the interior 
of T>i is connected, and Int Z> 3 fl T contains an open subset O in dVL. Similarly to (I T . 1 6 [) we 
have 

(XaP, A 3 L6) LHn) - (p, [A 3 L, x^)^) = W5 G W 7 (ft) x W 7 (fi). 

This equality implies that X2P G Wf (fi) x Wf (fi), using a similar argument to the one 

3 3 

above. Let u be a domain such that ui D = 0, <%j fl <9fi C (9 contains an open set in <9fi. 
We extend p on w by zero. Then 

(A 3 (x2P),L5) L 2 {nUiij) + (p, [A 3 L, x 2 ]?)l^im = 0. 

Hence, since [A 3 L, X2] |z>i = we have 

L*A 3 (x 2 p) = in Int V 2 U co, p\ u = 0. 

By Holmgren's theorem A 3 (x 2 p)|j n t z> = ^' ^ na ^ * s ' (A 3 p)(x) = 0- Thus (I7.8P is proved. □ 
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Consider the Cauchy problem for the Cauchy-Riemann equations 
(7.17) J L(0,^) = (^-^,^ + ^) = O infl, (6VOI1V, = (&(*). °). 

Ql 

— l {(j) + i^){x j ) = c Q j, Vje{l,...N} and V/ G {0, . . . , 5}. 

Here x\, . . . x^ be an arbitrary fixed points in Q. We consider the function b and complex 
numbers C = (c ,i, C14, c 2 ,i, c 3) i, 04,1, c 5) i . . . c ,jv, Ci,jv, c 2 ,jv, c 3i jv, c^jy, c 5i jv) as initial data for 
(17. ip . The following proposition establishes the solvability of (17. ip for a dense set of Cauchy 
data. 

Corollary 7.1. There exists a set O C C 6 (r ) x C 67V stzc/i i/iai for each (b, C) G O, problem 
tTTfy has at least one solution (0, tp) G C 6 (n) x C 6 (H) and O = C 6 (f) x C 6JV . 

The proof of Corollary 17.11 is similar to the proof of Proposition 17.11 The only difference 
is that instead of extremal problem considered there we have to use the following extremal 
problem 



d k (4>, ip) 



N 5 nfc 



+ - || A 3 L(0, ^)||* 4(n) + ^ ^ I ~3<> + #)(%) - c fc,il 2 inf 



j=l fc=o 

,V) e w 4 7 (n) x w/(n), ^lr = o. 



We have 



Proposition 7.2. Let a G (0,1), A,B<E C 6+a (Q), yi,---,y% be some arbitrary points 
from To, y% +1 , ■ ■ ■ , yj: be some arbitrary points from Q and x be an arbitrary point from 
n \ {yi, . . . ,y%}- Then there exist a holomorphic function a G C 5+Q (n) and an antiholomor- 
phic function d G C 5+a (Q) such that (ae A + de B )\r = 0, 

°'"' a ( Ve ) = k + j<5, Wg {!,...,£}, 



dx\dx\ 
and 

a(x) 7^ and d{x) 7^ 0. 

Proof. Consider the operator 

d^a ucl d d d d 

R(j) = (a{ yi ), . . . g^(yi), • • • , aiVk), (fk)> %i)> • • • ^=5^), ■ ■ ■ , d(y~), . . . q^(v%), a{x) } d{x)). 

Here 7 G C^°(T) and the functions a and d are solutions to the following problem 

da ^ dd „ ,i , a., 

— = 0, m n, t^-=0 m n, (ae^ + de a ) \ d n = 7- 

oz oz 
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Consider the image of the operator R. Clearly it is closed. Let us show that the point 
(0, . . . , 0, 1, 1) belongs to the image of the operator R. Let a holomorphic function a satisfy 

Consider the function —e A ~ B a(z) and the pair (bi,b 2 ) = (Re{— e A ~ B a}, Im{e^~ B a}). Using 
Proposition 17. II we solve problem (17. ip with I = approximately. Let (<f> e ,if) € ) be a sequence 
of functions such that 

J^(0 e + # e ) = O inQ, (0 e ,V e )|ro^(fci,M inC 5+Q (r ), (0 e + -+ 1. 

Denote d t = (fi € — iip e , fie = ae- 4 + d e e s . Then the sequence {/3 e } converges to zero in the 
space C 5+a (r ). 

By Proposition 12. 3l there exists a solution to problem ( 12 .131) with the initial data (3 e , which 
we denote as {a e ,d £ } such that the sequence {a e ,d e } converges to zero in (C 5 (Q)) 2 . Denote 
by 7 e = (a + a e , d e + d e )\r . Clearly R(j e ) converges to (0, . . . , 0, 1, 1). The proof of the 
proposition is completed. □ 

8. Appendix II. Asymptotic formulas 
Here we recall that we identify x = (xi, x 2 ) G R 2 with z = X\ + ix 2 G C. 

Proposition 8.1. Under the conditions of Theorem ! 1 . 3\ for any point x on the boundary of 
Q we have 

(8.1) -I/^'^W,- 1 ^ 



n Jn C-z t 2 \detijj"(x)\? \(z - zf 

d z gi(x) dj*(x) a|gi(a) _ aggi(5Q 



2(*-s) l +< V ) ™ M +°°- 



n Jn C-z ~ t 2 \detip"(x)\2 \(z-z^ 2 

H — z - +o(— J imtK+oo. 



(8.3) - - / 61936 _ — d&dea - ' a? * (a;) 



7r./o C-^ T \detip"{x)\i \ (z -z) 2 



dan (x) a|£(£) _ a#g 3 (s?) , d 2 z g 3 (x) \ 



2(z-*) 



/ 



/In 

+ o(— J as t ->■ +oo. 
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1 f e&e**®-*^ 1 e^C*) ( |§ff 



2(?- ^) I V 2 



(8.4) H — z ^ J +o(— ) as |r| ->■ +oo. 



Proof. Let 5 > be a sufficiently small number and e G C^°(B(x, 5)), e\B(x,s/2) = 1- Let 
g G C 2 (f2) be some function such that (?(5f) = §§(50 = 0. We compute the asymptotic 
formulae of the following integral as |r| goes to infinity. 



- / t = / 7 + o(— ) = 

* Jn Q-z it J B {x,S) C ~ z t 2 



e 

B(x,S) 



C-z 

d Y d z g(x)(( - z)(c-z) + IgggKC - ^ ] e -r(m-W)) d ^ 2 + o( l 

C-z f r 2 



n Jb(x 



e 

B(x,S) 



+ 



C-2 

^ff(c-^ + jgBwc-i)l i _ 

./B(x,<S) 1 C-Z 
dzd z g(x) (;- _ _| 1 dlgjx) 



- -/ 

Jb(x 



e 

B(x,5) 



dzgjx) d%$(x) d±g{x) d z g(x) n 1 &j$(x) ( r -an 



2(C - *) (C - *) 

2(C - z) 2(C - z 



&1g{x) d z g(x) / > ~n i 



(8.5) 

Here we used 



f e-^^e-^-^))«2 = o(-) as |r| +00, 



62 



O. IMANUVILOV, G. UHLMANN, AND M. YAMAMOTO 



which is obtained by stationary phase. Another asymptotic calculation is 

i r e,^« ir „ Mi 



7T 



Jn C - z Jbk x) (C - z ) 



d z g(x) g|g(g) a|g(x) _ 



I 1 / g g^g gWgj g|£Cg) g^g c -r(*( C )-TO d;r + o( l) 



|detV»"(a)|2 V (z-z) 2 2(z-z) 
(8.6) +o(— ) as |t| —t- +oo. 

Taking g = gi and g = ~g 3 we obtain ( 18. ip and ( 18. 3ft from the above formula. Taking g = gA 
or g = g 2 and replacing r by — r we obtain ( 18. 4p and ( 18. 2ft . 

□ 

Proposition 8.2. For any x from the boundary of Q, the following asymptotic formulae 
holds true as |r| goes to +oo : 



2r|det^(2)|' 



(8.7) <8i(x,t) = — r I — ^ ^ dz v 7 + 7 % ) +o 



z — z ( z — z) 2 / 'r' 



(8 . 9) 63( ,, r) = - ^ , fgsgjg - feg _ ^m) +Q( i), 



2r|detV"(s)| 



5.10) g 4 (g,r) = - - — | — ^ 1 — dz — - ,4 _ a * 1 +o 



1, 

z — z iz — zr / r' 



i/ere z = X\ + ix 2 and mi, mi, 01, c^, £i, £i, ri, r\ are introduced in ^4.1£ty , fi4.13ty , ^4-4fy ana " 
\4-4ty - Moreover for a sufficiently small positive e the following asymptotic formula holds 
true 
(8.11) 

„ flgi(-,T) „ ,„ ag a (-,T) „ ,„ ags(-,r) „ iM 0g4(-,r) „ 1 

II ^= llc(o E ) + H ^ llc(o e ) + H ^ llc(o e )+ll 7^= llc(a) - as l r l -» +°o- 

Proof. Observe that the functions (3i(x, r), . . . , £>4(x, r) are given by 



2vr y Q C - 2 
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«s(x,r) = f / dC _ ^( ei y 3 e- A )(ei,e 2 )e T( * (C) -* <0> deid& 



.84(C) dfoCCQ / T »M £»2(5Z) N 



© 4 (x,r) = J- / ^ -— ^ 5f_i(ei^-*)(6,6)e TW °-* (0) deid6. 

Let z = X\ + ix 2 where x = (xx,x 2 ) € dfl. By Proposition 13.51 the following asymptotics are 

^-^o^ = JL , g^M) + o( l), 



valid: 








2^ J 


n 




1 /■ d 










2^, 


'n C - z 




1 /• 9 




2^1| 



2t |detV A 



"fx) * : - : 



2vr in C - 2 <9C 



1 / e !g 26 Sl g _ c r(4(C)-l(C) 

2r |det^"(x)|* z-z r 



— f £^( em e-^)e^-^d^ 2 = — [ W M ^(HO-HO) d ^ 2 = 
2nJ n C-z iy3 ' 2nJ n ( -z d( 

fl (e^\ e r m - m)d ^ = _±_ d^e-*m 1 

27rJ n d( \ C-z J 2r |det^"(x)|^ z-z V 

and 

r f {eig4e -B 2 y im -m) d ^ 2 = J_ / J^WO-^^ = 

2W n C-2 2vrJ c »C 

_^ / ^ / e lg4 e-^ \ ^(.(0-5^5)^^ = 1 e 2 -^> ^ 4 e^)(x) 1 

27ry n aCVC-^y 2r|det^"(x)|* *" z T 

Noting that gi = e~ Al gi, g 2 = e~ Bl 92, 93 = e~ A2 93 and g 4 = e~ B2 g 4 , and taking into 
account Proposition 18.11 we obtain (I8.7p - (l8.iup for the functions <5i(x,t), <5 4 (x, r). 
For proving the estimate (18. lip , it suffices to show that 



-^—\\o(o.)<o 

In fact 



4n dz J Q C-z 
Then Proposition 13.51 and ( 14. 6 P imply || 9@1 J^ llc(o7) = '— ' 
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Proof of Proposition 15.21 Using ( 15.131) and ( 15.161) we have 

BTI — 
£ = (2(A 1 - A 2 )— ^ & T e M + c T e A ^) L2{n) 

f)TJ — 
+ (2(fii - B a )^, & T e % "^ + c T e A ^) L2{n) 

= 2((A 1 -A 2 )e^(-^_ T , A J^^} + e^-^-*)0 1 (-,r)),c r e- 42 -^) i2(n) 

- 2{{A X - A 2 )e' ? ^ 1 {e 1J1 }Ae ft - , *)i»( ) 
(8.12) + ((^ - B 2 )(-e l9l + A 1 ^_ T , Al {e 1 ( 7l })e T *, 6 r e B2 - T * + c T e^ ¥ ) x2(n) + o(~). 

By (14.101) and Proposition 13.41 we have 



2((A X - A 2 )e^—n^ Al {e 1 g 1 },b T e B ^) L . in) = 2{{A X - A 2 )—n^ Al {e igi },b T e^) L2{n) 

d 



((A x - A 2 )(u 1 - iv 2 )K- T!Al {e igi }Ae B2 )LS(an) ~ 2(n^ Al {e l9l }, — {b T e B2 (A 1 - A 2 )}) L2{n) 

e i9i d rL B - 



(8.13) =~H= ,^{^e B2 (A 1 -A 2 )}) L2(n) + o(-) as |r|^+oo. 

Using the stationary phase argument we obtain 

- 2((A 1 - A 2 )e^_ r , Al {^^},c T e^-^) L2(Q) 
= -{{A, - A 2 )e^d^{^^e^-^} } c T ) LHQ) = 

- (A 1 - A 2 )e M+M c; / tZ^de 2 tfcida; 2 = 

^ Jci \Jn C-z J 



k Jn d( yj n C-z J 



2 



e-Krvc*) ^_ ^ y (A x - A 2 )ce^+- 42 ^ J \ , 



(8.14) *±@) e -*iW / v i _^ ^ lrfx2 +0 (_). 

r|detV"(5)|3 ^ V n / r 

Integrating by parts and using (18.111) . (I3.2p . 2^ = — Ai and 2^ = A 2 , we have 

(8.15) 2{{A, - A 2 )e^e^e-^~^^c T e A ^) L2{n) = 2{{A, - A 2 )e A ^ u c T e A >) L * {n) 

= f 2(Ai - A 2 )e Al+: **c T (z)<8 1 (x,T)dx = -4 / i")dx 
Jn ' Jn dz 

= 4 f e Ai+M c ^9 & ^^ ^ _ 2 f + ^ + l ^ ^ + ^ 

7n ^ iac r 
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Since e^&O^r) = In ^ e ~ Al ^f_f T( ^~ MC)) dfrdfr = ^^^{ei*}, 

applying the Proposition 13.41 and Proposition 13.31 we obtain 

(8.16) / e Al+A2 c T (z) — & l (x,r)dx = o(-) as Irl ->■ +oo. 

Jn oz r 

By (EZD, (EUD-dHUD and Propositions El and ESI we conclude 

£ = ((B l -B 2 )(-e 1 g l + ^^),b T e B *) LHQ) 

2rd z § 

r|det^"(x)|5 dz \J Q z-z 

- 2 (ui +iu 2 )e Al+A2 cjfj(5 1 (x,T)dcr + o{-) as |r| ->• +oo. 
Jan T 

(8.17) 

Using f)5.14p and (I5.18P we obtain after simple computations: 

Fill — 
fi!= ( 2(A 1 -A 2 )^,b T e B ^ + c T e A ^' s> ) L2{ n ) 

+ {2{B l - B 2 )-^-, b T e B ^ + c T e A2 -^) L2{n) 



((A, - A 2 )(-e l92 + B 1 TZ T>Bl {^92})e T ^, b T e B ^ + c T e A ^\ 



+ 2((5 1 -i? 2 )(-^ T ,B 1 {^^}e^ + e Bl+ ^- $ ^ 2 (-,r)),6 r e B2 -^) L2(Q) 

(8.18) - 2((B 1 -B 2 )^n T , Bl {e 1 g 2 }e T *,c T e M - T *) L 2 {n) . 

Integrating by parts and using (14. lip we have 

- 2((B X - J B 2 )^=^ rA {e 1 ^}e r *,c r e- 42 ^ ¥ ) L2(f , ) = -2((fi 1 - B 2 )—K T>Bl {e 1 g 2 }, c T e A *) L 2 {n) = 

2 [ -Rr^ie^j-^iiB,- B^e^dx- [ {B x - Bjfa + %v 2 )Tl T ^{e x g 2 }c;^ do = 
Jn Jan 

(8.19) / -^-^-((^ - B 2 )ce^)dx + o{-) as |r| -> +oo. 
The stationary phase argument implies the formula 

- 2((B, - B^A^^^M^*)^ = -j(B, - B^f-^e-^-^Ke^dx 



Jn d( \Jn C ~ z 



e ^(x) ^ 2 (5) /■ (B 1 -B 2 )b T e B ^^ , ,1. 



5.20) r2£TZ e -*iW / ^ dac + o(-). 

r|det^"(a;)|2 02 in ^ - z r 
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By ( 18. lip we have the asymptotic formula 

(8.21) 2((Bx - B 2 )(e B ^e^<d 2 ,b T e B ^) L i {n) 

= 2((B 1 - B 2 )e B ^e 2 ,b T e B2 )mn) = 2 / (B 1 - B 2 )e B ^K^j<5 2 (x, r)dx 

Jn 

= -4 f -^-e Bl+B2 b T (z)(5 2 (x,T)dx = -2 f {v x - iis 2 )e Bl+B ~ 2 b T (z)(5 2 (x, r)da 
Jn uz Jan 

+4 / e Bi+B2 K[z)^ 2 {x,r)dx. 
Jn uz 

Observe that £& 2 (x,r) = -± 9 -§ j Q feas^S^ erWO-^)^^ = ^(•-V)^^}. 
Then by Proposition 3.4 

4 / e Bl+B *K(zj-?-® 2 (x,T)dx = 2 [ e Bl+B2 K{z)e- Bl e' r ^- W) TZ TiBl {e 1 g 2 }dx 
Jn ® z Jn 

(8.22) = / e B ^ B2 K{z)e^e^^^-dx = o(- 

Jn rd z $ V 



I as r — > +oo. 

r' 



By (l8T2Tj) - d8~22|) we have 



£r = ((A 1 -A 2 )(-e 1 g 2 + ^^),c T e A *) LHn) 

e 2 ^ dg 2 {x) c _ Br ^ r (B 1 - B 2 )be* +B * ^ 
r\det i/j" (x)\^ &z J n z — z 

(8.23) - 2 / ( Vl - iu 2 )e Bl+B2 b T (z)& 2 (x, r)da + o(— ) as |r| — > +oo. 

Jen r 

Recall that Vi = — e~ T *7?._ T -^{ei^} and V2 = — e~ T ^'R, T ^b^{^\9\\- 
By Proposition 13.21 we conclude 



(8.24) 2-^- = (-e l93 + A 2 n_ T ^{e ig3 })e~ Th 

and 



(8.25) 2^ = (- ei 4 + 5 2 7e T) _B 2 { ei ^})e-^. 
Similarly to (I5.15P and (I5.17P we calculate ^ and ^ : 

(8.26) ^ = -e--^ T ,^ 2 {^} + e -^0 3 (-,r) 



and 



<9K 



(8.27) ^ = -e^X-^ {^} + e-^64(-,r). 
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£ 2 = ( 2(A 1 -A 2 )—(a T e A ^ + d T e B ^),V 1 + V 2 ) LHn) 



Using ( 13. 21) and integrating by parts we obtain 

d_ 

' dz 

= -{{A 1 -A 2 )d T B 1 e^e^,V 1 + V 2 ) L 2^ ) 
+ ( (A 1 -A 2 )(z/ 1 - W2 )a r e- 4l+r *,^ 1 + r 2 ) L2(oc) 

- ( 2-^-(A 1 -A 2 )a T e A ^,V 1 + V 2 ) L2{n) 

- ( (A 1 -A 2 )a T e^^ + ^)) LHn) . 

We observe that by (18.261) . (18. lip . Proposition 13.41 and Proposition 13.31 and the equality 

t i = -K- 42 #^-^_ ri _^(e 1 , 3 ): 

{{A x - A 2 )a T e A ^,2^) L2(n) = -4 j^a T (z)—e A ^(5 3 (x,r)dx 
+((A 1 - A 2 )a T e A ^, - e ^n_ T> _^ {^f^})^) + o{\) = 

-2 / a r (z)0 3 (x,r)(z/ 1 + iv 2 )e Al+Al da 
Jan 

+ 1 f » eT(t _^ ( / (A - A 2 )g T e^\ 1 
n Jn d( \Jn Q-z / r 



r|detV"(£)l 5 52 

(8.28) -2 / a T (z)&^r)(pi +iv 2 )e Al+A *da + o(— ) as |r| —)• +oo. 

Jan T 

Hence, using (18.251) we have 

£ 2 = ( {A 1 -A 2 )d T B l e B \TZ_ T ^{em}) L ^u) 
+ ( {A 1 -A 2 ){u 1 -w 2 )a T e A ^ 1 V 1 + V 2 ) L 2 {m) 
d 

+ ( 2—{A 1 -A 2 )a T e A \n T _- B2 {eig A }) L 2 m 



e*m><® dg 3 {x)^^ f (A 1 -A 2 )ae A ^ dx 



z — z 

1, 

"T ' 



r|det^"(x)|2 dz J Q 
+ ( (A - A 2 )a T e Al , -eig-4 - ^^.^{ei^})^) + o(-) 

+ 2 / a T (z)<8 3 (x, r){ut + iu 2 )e Al+M da as |t| — > +oo. 

By (gSlD and (OSII we obtain 

((At - A 2 )(z/i - iv 2 )a T e Al+T * , V x + V 2 ) L2(an) = o(-) as |r| ->• +oo. 
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Therefore, by Proposition 13.41 



( (A 1 -A 2 )d T B 1 e e \^^) I?m 

( (At - A 2 )a T e Al , -eig 4 + B 2 -^= ) L 2r n) 



pnm dgt&^M f (A, - A 2 )ae A ^ ^ 



z — z 



T\detip"{x)\i dz 

(8.29) + 2 / a T (z)& 3 (x, t)(vx + iv 2 )e Al+A ~ 2 do + o(— ) as |r| +oo. 

Jan 7" 



Integrating by parts we compute 

£ 3 = ( 2(B 1 -B 2 )^(a T e A ^ + d T e B ^),V 1 + V 2 ) LH n ) = 

- (2^(B 1 -B 2 )d T e B ^,V 1 + V 2 ) L2(n) 

- ( (5 1 -5 2 )A 1 a r e^ + ^V 1 + V 2 ) L2(n) 

+ ( (^+ii/ 2 )( J B 1 - J B 2 )d r e Bl - K *,V 1 + V 2 ) L3(a n) 

- ( {B 1 -B 2 )d T e^\2^ + d ^)) L , {n) . 

We observe that by ( 18. lip . ( 18.271) . Proposition 13.41 and Proposition 13.31 and the equality 

^ = -le-^e^n^ W2 (e l9 A : 



+ 



2{{B X - B 2 )d T e B ^, ^)^(Q) = -4 J ^e BM d T (z)(5,(x, r)dx 
+2(( Bl - B 2 )d T e B ^, -e^X-B 2 + «(~) = 

-2 (yx - iv 2 )e Bl+B ~ 2 d T {z)® A (x, rjda 
Jan 

I lJ Bl -B 2 ) d ^\ TST.-WM^ + o( I) = 
Jq 7t C-z J { dz ) r 

e- 2lT ^ i f (Bi-B 2 )d T e B ^ (dg,(x)\ c _^ rx) 
T\detip"(x)\^ Jn z — z [ d( 



(8.30) -2/ (i/j -zz/ 2 )e Bl+B2 d r (^)(S4(a;,r)dcT + o(— ) as |r| +00. 

Jan r 



PARTIAL CAUCHY DATA FOR GENERAL OPERATOR 



69 



Hence 



£3 = (2^(B 1 -B 2 )d T e B \TZ_ T ^ 2 {eig 3 }) L 2 in) 

- ( (B 1 - B 2 )Aia T e Al ,TZ Tt _B 2 {e 1 g i }) L 2 m 

+ ( (Bx - B 2 )d T e B \ -eig 3 + A 2 n_ T ^ 2 {e ig3 }) L 2 {n) 

+ ( (iy 1 +tu 2 )(B 1 -B 2 )d T e B ^ 1 V 1 + V 2 ) L 2 {dn) 

e -2^(50 fdg 4 (x)\ _ W2{ ^ r (B, - B 2 )de B ^ ^ 



z — z 



r|det ip"(x)\ 2 i dz J 

(8.31) + 2 / (z/x - ii/ 2 )e Bl+B2 d T (z)(S A (x, r)dcr + o(— ) as |t| — > +00. 

Jan T 



By (14.391) . (14.381) and the stationary phase argument 



{{v x + iu 2 )(B x - B 2 )d T e B ^ T ", Vi + V 2 ) L 2 (dn) = (i) as |r| -> +00. 



Therefore, applying Proposition 13. 4[ we finally conclude that 



-2irip(x) 



z — z 



(8.32) + 2 / (1/1 - w 2 )e ei+B2 d T (z)0 4 (x,r)rfa + o(— ) as |r| — > +00. 

Jan r 
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The sum ^2 k=0 is equal to the left hand side of ( 15. 19ft . Observe that 

-2iT1p($) ( f) n J^\ } — ... fin, — R„W*A+#2 



rldet ip"(x) 



T 



+ 



+ 



T 



T 



T 



+ 



T 



T 



det if)'' '(x) 

2irip(x) 



det if)"{x) 

-2irtp(x) 



det if)"{x) 

-2irip(x) 



det if)"{x) 

e -2irip(x) 



det if)"(x) 

2irip(x) 



det if)" (x) 

e 2irip(x) 



det if)"(x) 



99a(x ) \ f (Si - B 2 )de 

dz 



-dx 



dz 
dg 2 (x) 



dz 
dgi(x) 



-Ai(x) 



z — z 
{A 1 - A 2 )ae A ^ 



dx 



z — z 



(Si - B 2 )be 



B1+B2 



-dx 



dz 



dg^x) 

dz 

001 (x) . 



-B 2 (x) 



mi 



z — z 

- A 2 )ce M+Al , 
— dx ■ 

z — z 

iv 2 )de Bl+B z 
z — z 



da 



3 dz 



dg 3 (x) 



dz 
dg 2 (x) 



\ dz 



-Ai(x) 



-A2(x) 



-Bi(x) 



[v\ + iu 2 )ce Al+A2 



da 



<)<> 



z — z 



[ui + iv 2 )ae 



A1+A2 



-da 



z — z 



{vi - iv 2 )be 



B1+B2 



-da 



z — z 



(8.33) 



27i{Q + abe Al+B2+2iT ^ + QJcde Bl+A2 ~ 2lT ^){x) 
rldet if)" (x)\ a 



By (EHZD, ( 18~23D . (18T291) and (18T321) . ( 18331) there exist numbers k, k such that the asymptotic 
formula ( 15. 19ft holds true. □ 
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